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0.1 Abstract

As quantum technologies grow in complexity, the need for efficient, non-destructive
measurement schemes become increasingly important. Photonic systems, while
in many ways ideal for quantum information processing, offer only a limited
number of degrees of freedom per mode — placing fundamental restrictions on
the number and type of observables that can be simultaneously accessed. Weak
measurement provides a framework to circumvent some of these limitations, en-
abling joint measurements, minimal back-action, and alternative pathways for
quantum state characterization.

This thesis presents two contributions to the theory and implementation of
weak measurements in optics. First, we design, simulate, and experimentally
realize a scheme to measure joint weak values of position and momentum pro-
jectors — building on Lundeen and Bamber’s framework. We employ a glass
sliver to weakly measure z position and use a spatial light modulator (SLM) to
couple polarization to £ momentum in a way that the strength this interaction
is conditional on the y position. We show that a binary conditionality is able
to achieve the same results as the linear conditionality initially proposed, while
enabling simpler setups and larger signals.

Second, we analyze how weak interactions arising from bulk optical nonlin-
earities can be harnessed for quantum measurements. Using both the von Neu-
mann and Positive Operator-Valued Measure (POVM) formalisms, we explore a
range of nonlinear processes. We identify that information about photon num-
ber and field quadratures are accessible via nonlinear interactions, and propose
that certain POVM based schemes may offer practical alternatives to standard
homodyne detection of field quadratures.

This work contributes to the ongoing development of quantum measure-
ment techniques in optics and presents how weak measurements provide a useful

framework in which to consider alternative measurement schemes.
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THIS TEXT HAS BEEN MACHINE TRANSLATED
USING ChatGPT € DeepL

A mesure que les technologies quantiques gagnent en complexité, le besoin de
schémas de mesure efficaces et non destructifs devient plus crucial. Les systémes
photoniques, bien que souvent idéaux pour le traitement de I'information quan-
tique, n’offrent qu'un nombre limité de degrés de liberté par mode — imposant
ainsi des restrictions fondamentales sur le nombre et le type d’observables acces-
sibles simultanément. La mesure faible offre un cadre permettant de contourner
certaines de ces limitations, en rendant possibles les mesures conjointes, un effet
de retour minimal, et de nouvelles approches pour la caractérisation des états
quantiques.

Cette these présente deux contributions a la théorie et a la mise en ceuvre des
mesures faibles en optique. Premiérement, nous concevons, simulons et réalisons
expérimentalement un schéma pour mesurer les valeurs faibles conjointes des
projecteurs de position et de quantité de mouvement — en nous appuyant sur
le cadre de Lundeen et Bamber. Nous utilisons un éclat de verre pour mesurer
faiblement la position et un modulateur spatial de lumiere (MSL) pour coupler
la polarisation a quantité de mouvement de maniére conditionnelle selon Ia
position y. Nous montrons qu'une conditionnalité binaire permet d’obtenir les
mémes résultats qu’une conditionnalité linéaire, tout en simplifiant le montage
et en amplifiant le signal.

Deuxiémement, nous analysons comment les interactions faibles issues des
non-linéarités optiques en volume peuvent étre exploitées pour des mesures
quantiques. En utilisant les formalismes de von Neumann et des mesures
a valeurs d’opérateurs positifs (POVM), nous explorons divers processus non
linéaires. Nous montrons que des informations sur le nombre de photons et les
quadratures du champ peuvent étre extraites via ces interactions, et proposons
que certains schémas basés sur les POVM pourraient offrir des alternatives pra-
tiques a la détection homodyne.

Ce travail contribue au développement des techniques de mesure quantique

en optique et souligne 1'utilité du cadre des mesures faibles.
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0.3 Preface

This thesis represents a journey that, like many in experimental physics, did
not unfold as initially envisioned. While I had hoped to produce definitive
experimental results demonstrating the conditional weak measurement scheme
before submitting, the path proved more challenging than anticipated.

The experimental work described in these pages encountered several sub-
stantial technical obstacles. Pervasive interference effects in the beam made it
challenging to determine the source of errors and correct the setup. A critical
component in our setup, the cylindrical lenses, are a much more specialized
component than standard spherical lenses and generally seemed to underper-
form. A number of different lenses had to be tried before we found a set that
seemed to perform adequately. We also made use of a spatial light modulator
in the zeroth order. Not only does this mode of operation have more challenges
than more typical usage, but the SLM often failed to act reproducibly and re-
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quired extensive calibration procedures. Perhaps most fundamentally, we faced
the intrinsic challenge of detecting and characterizing a signal that was, by de-
sign, exceedingly small and only at a relatively late stage did we determine an
approach that would enable this to be significantly larger.

These technical challenges were compounded by circumstances that limited
collaborative work. The COVID-19 pandemic limited how collaborative the
project was from its start, and contributed to several years where I worked
largely independently on the experimental aspects of this research. While the
Lundeen lab consistently provided an intellectually stimulating and supportive
environment, the direct day-to-day collaboration that often accelerates exper-
imental progress was limited during this period. Since Michael Weil began
actively collaborating on this project in the summer of 2024, our progress ac-
celerated significantly, underscoring the value of sharing and discussing ideas in

experimental physics.



Chapter 1

Introduction

As the ‘second quantum revolution’ [1] continues, the need for new tech-
niques to measure and observe quantum systems has never been more important.
Optics, in particular, remains a compelling platform for quantum technologies,
especially due to the natural advantage of photons to fulfill the DiVincenzo
criterion [2] of decoherence and their ease to be used as flying qubits.

Many techniques have already been developed to measure different observ-
ables of photonic systems. For instance, the use of diffraction gratings [3] or
chromatic dispersion [4] to measure frequency; or polarizing beam splitters [3]
to measure polarization. However, these techniques are typically destructive
— with the photon absorbed by a detector. This means that for each observ-
able, a different internal degree of freedom of the photon must be used (see
Section 1.1.1). Quantum non-demolition measurements [5-7], where a property
can be observed without the destruction of the photon, would overcome this lim-
itation. Demonstrations of quantum non-demolition measurements have largely
been focused on using strong optical fields or systems with large optical nonlin-
earities (such as atoms in a cavity). This limits the range of photonic systems
where these techniques are feasible. Therefore, alternative techniques that ei-
ther enable a more efficient use of the internal degrees of freedom of a photon,
or which are able to make use of bulk material nonlinearities are desired.

One approach is to consider weak measurements (see Section 1.1.2). Since
the nonlinearities in bulk materials are typically small [8], any measurement
that is able to make use of these nonlinearities would, inevitably, be weak.
Alternatively, weak measurements could allow for a more efficient use of the
internal degrees of freedom of a photon when measuring ‘compound observables’,

such as a joint value (AB) Using weak measurements also provides advantages



such as being able to monitor the evolution of a system over time through the
use of quantum trajectories [9].

Joint expectation values are particularly valuable in quantum technologies
because they encode information about correlations between different degrees
of freedom that is fundamentally inaccessible from separate measurements of
(A) and (B). Measurements of this type can be used for quantum state char-
acterization, enabling the characterization of correlations between observables
to reconstruct phase-space distributions such as the Wigner or Kirkwood-Dirac
distributions. These can reveal non-classical features [10, 11] and be used to
verify quantum algorithm outputs and diagnose state preparation errors [12].
In addition, entanglement quantification relies on joint measurements between
systems [13] — for example, Bell inequality violations that can certify secure
quantum communication channels are measured through correlators between
observables [14].

This thesis covers two projects: an experiment to demonstrate a conditional
scheme for measuring the joint value of two observables (Chapter 2), and a
theoretical analysis of the use of bulk optical nonlinearities to perform quan-
tum measurements (Chapter 3). The remainder of this chapter will provide an
overview of the fundamentals of quantum measurement and optics used in the
two projects.

The introduction is structured as follows:

e Section 1.1: Quantum Measurement — Presents the von Neumann mea-
surement formalism, weak measurements, and Positive Operator-Valued
Measures (POVMs), providing the theoretical foundation for both the
joint weak averages in Chapter 2 and the nonlinear measurement approach
in Chapter 3.

e Section 1.2: Optics — Discusses optical degrees of freedom relevant to
both projects and the theory of the propagation of light used to design

the experiment in Chapter 2.

e Section 1.3: Quantum Optics — Examines the quantum harmonic oscil-
lator, field quantization, quantum states of light, quantum phase opera-
tors, and nonlinear quantum optics operators, establishing the theoretical
framework essential for the bulk optical nonlinearities analyzed in Chap-
ter 3.

e Section 1.4: Quasi-probability Distributions — Introduces Wigner and
Kirkwood-Dirac distributions, which are used to motivate and interpret

the measurements made by the experiment in Chapter 2.



1.1 Quantum Measurement

A quantum measurement is a process whereby some classical information about
a quantum system is obtained, often by coupling to another quantum system.
This is a broad definition, which will be outlined in a more formal way in
Section 1.1.3.

However, the formalism of projective measurement is often used, where an
observable of a system is measured. An observable is described by a Hermitian
operator, O, which can be diagonalized as a set of projector operators, 7 [15,
16]:

O=> M. (1.1)
A
When the eigenvectors of the operator, O, are non-degenerate, 7y = |A)(\|
projects onto the state with eigenvalue .

‘Measuring an observable’ can correspond to two possible actions. One is a
‘single shot’ — where a specific eigenvalue is found for the system. The proba-
bility, px, to measure each particular eigenvalue is dependent on the quantum
state, |1), according to px = (¢|7x]1). An example of this kind of measurement
is whether an individual electron is deflected up or down in the Stern-Gerlach
experiment [16, 17].

The other meaning of ‘measuring an observable’ is to find the observable’s

expectation value:

(0) = (WIOlw) =Y AWlalY) . (1.2)
A

This is the weighted average of the measured eigenvalues if the ‘single shot’
measurement was repeated many times.

For clarity, in this introduction the second of these will be referred to as
finding the expectation of an observable and the ‘single shot’ measurement will

be called measuring an observable.

1.1.1 The Von Neumann Formalism

The standard definition of a projective measurement, as stated above, is some-
what limited. It is unable to account for classical uncertainty and implies that
after measurement the system is in an eigenstate of the observable (when in
many cases — especially for light — the measurement process is more destruc-
tive).

One approach to overcome these issues is to make use of an additional quan-



tum system, called the pointer [18]. In this thesis, this approach will be referred
to as the von Neumann formalism of quantum measurement (in contrast to other
sources, such as [15], which use that term to refer to the projective measurements
outlined above).

In this framework of measurement, the world is split into 3 parts: I, the
quantum system being measured, |¢); II, the measuring instrument (pointer);
and III, the observer. Before the measurement, II is initialized into some state.
This state can be a classical mixture of different quantum states to account for
classical uncertainty. The measurement itself then proceeds in two steps. In
the first, I and II interact to displace the ‘position’ of II by an amount that
corresponds to the value of the observable being measured. In the second step,
IIT performs a projective measurement of the ‘position’ of II. It is from this
‘position’ measurement, that information about the initial state of I can be
inferred.

The interaction between I and II can be described by a unitary (as can all
evolutions of a closed quantum system [19, 20]). For the ‘position’ of the pointer
(IT) to correspond to a particular observable, the unitary must have the form:

U = e~ i990/h (1.3)

where O is the observable to be measured, p is the canonical momentum of
the pointer system, and ¢ is a parameter that describes the strength of the
interaction. This is very similar to the translation operator, J, for a translation
of Az’ in the % direction [20]:

J(Az'R) = exp <— ips A ) .

- (1.4)

Hence the unitary results in a displacement of the canonical pointer position,
q, by an amount equal to gé. This is an abuse of notation, with O being an
operator and not any specific value. However, since this is an entirely coherent
process entangling I and II, the displacement of the pointer ‘position’ does not
‘collapse’ until the projective measurement by III, as outlined below.

When the state being measured (I) is represented in the basis of the observ-
able eigenstates, [1)) = >, ca|A), and the pointer is intitalized as a pure state,
|P), the combined state of I and IT before the interaction can be written as:

) =Pl)© Y el (1.5)
A



where P(g) is the initial wave function of the pointer, ¢, are the amplitudes of
the measured state (I) when expressed in the basis of observable eigenstates,
[A).

After the unitary interaction, the combined system of I and II will then be

in state:

) = UW) = e 9290 " ey (P(g) @ |N))
A

=J(90)) ex(Plg) ®|N) ,
A

. (1.6)
I CUCOOEDIE
A
=Y ex(Pla—gN)®|N) .
A

For a ’single shot’, the pointer displacement will be measured to be an eigen-
value of O rescaled by ¢ (assuming that there is no initial uncertainty in the
pointer position), with the probability |cx|? to measure the displacement corre-
sponding to the eigenvalue .

When repeated many times the expectation of the pointer’s displacement
will be found to be:

Aq=Ygleslr = g(0). (L.7)
A

An example of this process is illustrated in Figure 1.1.

1.1.2 Weak Measurement

In the above scheme, it is generally implied that any uncertainty (whether classi-
cal or quantum) in the pointer position is smaller than the difference in displace-
ment caused by two adjacent eigenvalues of O. This means that each eigenvalue
can be distinguished by a projective measurement of the pointer position. This
will be referred to as a standard quantum measurement.

However, there is no need for this to be the case. If the uncertainty in the
pointer position is large, or if the pointer displacement is small, then it will
no longer be possible to make an unambiguous measurement of the observable
eigenvalue. However, the expectation of the observable can still be found in the
same way — Equation 1.7 still applies but now with a smaller value of ¢ [21]. This
means that, to obtain the same level of confidence in the expectation estimate,
many more ‘single shot’ measurements must be performed. For measurements

of this type, the expectation value is sometimes called the weak average. These
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Figure 1.1: A quantum system (I), represented here by [¢), interacts with a
pointer (II) in a way described by the unitary operator U. The pointer ‘position’,
q, is displaced and the quantum system is modified in someway by the interaction

to give |¢).

unpostselected measurements also require detection of very small changes to the
pointer position, making them particularly sensitive to experimental noise.

Another consequence of performing these weak measurements is that the
back-action — the change caused to the system by the process of measurement —
on the measured state can be reduced. Since reading out the pointer no longer
results in the state collapsing into an eigenstate of O, after measurement there
can still be significant information about the original state. As the strength of
the measurement (parameterized by g) goes to zero, the state after the mea-
surement will become indistinguishable from the state before as no information
has been extracted (see Figure 1.2 for an illustration). This in no way violates
the uncertainty principle — each weak measurement yields only a very imprecise
estimate of the observable, with correspondingly large uncertainty.

The reduced back-action does allow sequences of measurements to be consid-
ered that would not be of interest within standard quantum measurements. For
instance, performing sequential weak measurements of two incompatible observ-
ables (such as position and momentum) provides information about both [22],
while for a standard measurement only information about the first observable

would be found.
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Figure 1.2: A quantum system, represented here by |1}, interacts weakly with
a pointer in a way described by the unitary operator U. The pointer ‘position’,
q, is displaced by an amount much less than its uncertainty, and the quantum
system is minimally modified by the interaction.

Weak Values

One area where weak measurements are often performed is in the context of
postselection, where only a subset of possible outcomes are considered. In par-
ticular, the concept of a weak value occurs when postselecting on a particular
state of the system after measurement.

First introduced by Aharonov, Albert and Vaidman in 1988 [21] (under the
provocative title “How the result of a measurement of a component of the spin
of a spin-1/2 particle can turn out to be 100”), weak values can result in some
counter intuitive results — such as weak values larger than the result of any
single measurement of the corresponding operator, or which are complex.

This initially created controversy [23, 24], especially to what degree these
weak values are ‘measurements’ in the normal understanding of the word. How-
ever, weak values have proven themselves as a tool to amplify small physical
effects in precision experiments [25, 26] and making use of their complex nature
to determine additional information about a system [22, 27-29]. The practical
advantages of weak value based schemes are still limited, though in some situ-
ations, such as in the presence of certain types of noise [30], there appear to be
some.

The expression for the weak value is given by [21]:

0, — WslOl) (1.8)

.



where [1);) is the state before measurement, |¢f) is the state postselected onto
after measurement, and O is the observable being measured in each shot.

The ‘anomalous’ weak values, larger than the result of any single measure-
ment of the corresponding operator, occur when there is limited overlap between
[¢;) and [¢)¢), resulting in the denominator being a very small value.

We can show that the pointer displacement is given by this weak value by
starting from Equation 1.6 and postselecting by a state [¢f) = >, da|A), to
find that the pointer state after the postselection is:

(5| 0" ZcAd,\ (q—g\). (1.9)

If we now Taylor expand the wave function of the pointer we get:
P(qg—g\) =P(a) — gA\P'(q) - (1.10)
This then gives a pointer state after the postselection of:

(s ZcAdA — gAP'(q)) . (1.11)

When we express the weak value, O,,, in the A basis we see:

(Ws106s) _ Sy erdsA (1.12)

Oy = = .
(rlti) 2oxexd}

This allows us to then rewrite Equation 1.11 as:

(Vs W) = (Wrli) (P(a) = 90wP'(q)) (1.13)

which we can see is the Taylor series expansion of:

(W[ W) = (s 1) Pq — gOw)~ e 97 MOIP(g — gRe[0,]).  (1.14)

When appropriately normalized, this then gives the pointer displacement to be:
Aq = gRe[0,] . (1.15)

since the weak value can be complex and only the real part contributes to the
shift in pointer position.

The complex part of the weak value results in a shift in momentum of the



pointer [21, 31, 32]. This can be expressed as [27]:
Ap = 2¢gIm [O,,] Var,, , (1.16)

where Var, = (P|p*|P) — (P[p|P)*.

Thus, in the weak regime with postselection, the pointer encodes the weak
value: Aq = gRe[O,,] and Ap = 2¢gIm[O,,|Var,, where these displacements can
be large.

1.1.3 Positive Operator-Valued Measures

Until this point, we have considered quantum measurement in the context of
observables — quantities that behave in a similar way to classical parameters.
However, a more general approach would be to consider all the possible outcomes
of reading out the pointer after it interacts in an arbitrary way with a quantum
system. This can be done using the positive operator-valued measure (POVM)
approach [15, 16].

We can consider the unitary interaction between the quantum systems in
terms of a ‘blackbox’ with two input and two output ports, as shown in Fig-
ure 1.3. The system to be measured enters port a and the initial pointer state

into port ¢ [33].

Measured state, |¢): a ——— — b

Pointer, |P): ¢ —— —d

Figure 1.3: A diagram indicating the relationship between the inputs and out-
puts of the type of unitary being considered. The port a is the state to be
measured, b the state after the interaction, and ¢ & d are the pointer before and
after the action of the unitary, respectively.

For an input state [))q|P)e, the output will be: |¥) = Ul1))4|P).. If an
orthonormal basis, |f¥)4, is chosen for the Hilbert space of port d then this

output state can be written as:

) =>" (Kklwa) |F5)a . (1.17)

k

This expression is valid for any state to be measured, |¢),, but the set of Ky

(Kraus or measurement operators) depends on the unitary interaction, U, choice
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of basis, | f*)4, and input pointer state, |P).. They are given by:
Ki = (f*UIP). (1.18)

Here K, is an operator because the expectation value above takes a partial trace
of U over the pointer system only.
The probability of getting the result k, when the pointer state in port d is

measured in the orthonormal basis {|f*)4} is:
P = (IK[R[¢), (1.19)

with an operator defined as:
E, = KK}, . (1.20)

The set of positive operators {Ey} (also referred to as effects) is the POVM

for this pointer state and readout basis; and sum to the identity,
> By =1. (1.21)
k

These operators enable the calculation of the probability of each measure-

ment outcome for a state [¢).

1.1.4 Postselection of POVMs

Postselecting after a POVM can result in similar outcomes as postselections cre-
ate for weak values (including weak values themselves appearing in expressions
for probability of outcomes). Broadly, postselected POVMs enable an even more
general class of measurements known as Non-Positive Operator-Valued Mea-
sures (N-POVM) [34]. While the formalism presented below follows naturally
from established theory, to the best of my knowledge, this specific formulation
has not been previously published in the literature.

The state after a measurement interaction is given by Equation 1.17.

) =" (Xk|1/)i>a> 1f*)a (1.17 revisited)

k

The probability to measure the outcome k after postselecting the output
port b into the state [¢¢); is found to be:

Py
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where py is the probability to successfully postselect into state |¢y),
pr =Y {0 Kilvs)]. (1.23)
k

Equation 1.22 can then be rearranged to give:

:<¢i|f%11\¢f><¢f\l§'k|¢i>: B o
S SRR ATSTE (Wil Ef 1s) (1.24)

with the postselected effects:

Rzili/ffﬂ}/fflkk ‘
Dok (g | Ky |abi) 2

Ef = (1.25)

To this point we have made no assumptions about the strength of the inter-
action — measurements of any strength can be described by these postselected
POVM effects. In the case of weak measurements the denominator can be re-

placed with the overlap of the postselected and initial states to give:

K] |s) (s Ky

Bl ~
A (O

(1.26)
The effects now bear a closer resemblance to weak values, with the probabilities

being the absolute square of the weak value of the Krauss operators.

1.1.5 Measurement Formalisms in This Thesis

The measurement formalisms presented above — von Neumann measurements
and more general POVMSs — provide the theoretical framework for measurement
used throughout this thesis.

The conditional scheme to measure joint weak averages in Chapter 2 makes
use of the von Neumann formalism. In Chapter 3, both formalisms are used to

analyze how optical nonlinearities can be used to perform measurements.

1.2 Optics

1.2.1 The Degrees of Freedom of Light

When making a von Neumann measurement on a photon, one challenge is that

photons typically only interact weakly with other photons (and many other
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quantum systems). This limits the systems that can easily be used as a pointer
to the other degrees of freedom of the photon.

A photon has four independent degrees of freedom: polarization (spin) and
the three components of momentum [35]. For a beam of light traveling in the z
direction, these degrees of freedom are typically considered as: polarization; x
transverse position (or momentum); y transverse position (or momentum); and
frequency (or time).

There are a variety of choices of bases in which to consider these degrees of
freedom. For polarization, usually horizontal/vertical, diagonal/anti-diagonal
or circular basis states are used (more details below). For the transverse spatial
degrees of freedom, some common bases are Hermite-Gaussian or Laguerre-
Guassian modes [36]. The latter enables orbital angular momentum to be con-
sidered as a degree of freedom — though this is not independent of = and y
transverse position/momentum [37, 38]. Another possibility for spatial modes

is to use the Dirac basis [39].

Polarization and the Poincaré Sphere

The polarization of a photon can be treated as a qubit: although the photon
is a spin-1 boson, the longitudinal S, = 0 state is forbidden for a massless
particle, leaving only two helicity states, which mathematically behave like a
spin—% system [16]. Generally, the polarization states aligned with the horizontal
and vertical axes are used as the computational basis and are expressed as the
kets |H) = |0) and |V} = [1). There are two other commonly used bases, which
are comprised of an equal superposition of |H) and |V): diagonal, |D), and anti-

diagonal, |A); and left circular, |L), and right circular, |R), which are defined

o D)= 4] = 55 () + V) (1.27a)
4)= 1) = 55 () = |V)) (1.27b)

L) = iQ (H) +i[V)) | (1.28a)

IB) = —= (|H) —ilV)) . (1.28b)

V2

A general polarization state can be represented using the angles 6 and ¢ as

in Figure. 1.4,

1) = cos (g) |H) + ¢ sin (g) V). (1.29)
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Adapted from a figure created by Sebastiano & cfr. This figure is licensed under CC BY-SA 4.0

Figure 1.4: The Poincaré (or Bloch) sphere is a 3d representation of an arbitrary
polarization state [3, 16]. Pure states are represented by vectors with length
1 (on the surface of the sphere) while mixed states have shorter lengths. The
Poincaré sphere has been rotated to align |H)/|V) with the computational basis
as is the case for the Bloch sphere.

The polarization of light is typically modified by the use of quarter and half
wave plates, the effect of which depends on the angle of the optical axis of the
wave plate. The Jones matrix for a waveplate with retardation § with its fast

axis at an angle ¥ to horizontal axis is [40]:

(1.30)

e cos? 9 +sin?d¥ (" —1)sind cos ¥
(e —1)sin®¥cos? e?sin®¥ +cos? ¥ |’

where the Jones vectors are:

\H) = (é) , (1.31a)
V) = (?) : (1.31b)

1.2.2 The Propagation of Light

A powerful way to understand how light propagates is to use the techniques
of Fourier optics [3]. The general principle is that any electromagnetic wave
can be considered as a superposition of plane waves — waves with a uniform

spatial frequency and direction. How these plane waves then propagate is a


https://tex.stackexchange.com/a/345444
https://creativecommons.org/licenses/by-sa/4.0/
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comparatively simple problem to solve. This technique is especially relevant for
computational modeling of an optical system given the efficiency of fast Fourier
transform algorithms.

The propagation of a wave in free space is equivalent to applying a phase
shift that depends on spatial frequency. This shift is known as the transfer

function: _
. - 47
H (kzv kl/vd) e_ld k2_ki_k5 e_ld 22 _ki_ki ’ (132)

for propagation by a distance d in the Z direction; k, and k, are the spatial
frequencies in the X and § directions; and k is the wavenumber [3].
When there are no components of the wave at large angles (or equivalently

large transverse k), the following approximation can be made:
H (kg by, d) ~ e~ hdeisi (K2 4HK) (1.33)

This is known as the Fresnel approximation and is valid for paraxial waves [3].

To make use of this transfer function, a representation of the wave’s electric
field in k-space (i.e. in terms of its spatial frequency components) is needed.
This is done by taking a Fourier transform:

E (ky, Ky, 2) = /E(az,y,z) etkem k) qpdy . (1.34)
The electric field after propagating a distance, d, in free space is then given by:
E (ky,ky,z +d) = E (kg  ky, 2) x H (kg ky, d) . (1.35)

The electric field in position-space can then be found by taking an inverse Fourier

transform.

Performing Fourier Transforms Using a Lens

The action of a lens is to impart a quadratic phase profile on a beam of light

[3]. This corresponds to the transmission function:
t(a,y) = '3 (47| (1.36)

where f is the focal length of the lens and k is the wavenumber of the incident
light.
In a 2-f system, the wave amplitude, Es, one focal length, f, after the lens,

is proportional to the Fourier transform of the amplitude, F1, one focal length
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before the lens,
- (kx k ke sy Ky,
EQ(may) = hlEl (;7 f:%/) = hl /El (Z,y) ez(ka +kTy )d.’ﬂldy/ ) (137)

hi = ape 2 (1.38)

For this reason the plane one focal length after a lens is called the ‘Fourier

plane’.

1.2.3 Optics in This Thesis

The degrees of freedom of photons are used throughout this thesis in both
Chapters 2 and 3. In Chapter 2 the propagation of classical light is used in the
design of the experiment (for instance to make use of the Fourier plane) and

also to perform simulations of the experiment.

1.3 Quantum Optics

Quantum optics is broadly the area where light must be considered in terms of
‘photons’ — discrete excitations of a propagating electromagnetic field — or where
the electric and magnetic field observables must be replaced with operators. A
light field is represented in terms of modes [36] (e.g. Hermite-Gauss modes or
plane waves) and each mode is considered as a quantum harmonic oscillator,
with the excitation number corresponding to the number of photons in the mode
[35].

1.3.1 The Quantum Harmonic Oscillator

Before continuing with a very brief outline of quantum optics, it is first neces-
sary to consider the quantum harmonic oscillator [41]. The Hamiltonian for a

quantum harmonic oscillator is given by:

9
v _ P 1, 2-2
H=—45mw"q", 1.39
5 T W (1.39)
where m is the mass of the oscillator, w is the oscillator’s angular frequency, ¢
is its position observable, and p its momentum observable.

It is useful to introduce the following creation, af, and annihilation, @, op-
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erators (also known as raising and lowering operators):

al = mim (mwq — ip) , (1.40a)
0= o (mwq +ip) . (1.40b)

[a,a'] =1. (1.41)

These allow the Hamiltonian to be rewritten in the form:

H = 1hw (aa' +a'a) = hw (aTa + 3) . (1.42)
An energy eigenstate |n) has energy eigenvalue of:

Hn) = Epln) = hw(n + L)n) . (1.43)
The number operator gives the excitation level of the state,
aln) = a'aln) = n|n) . (1.44)

The action of the creation and annihilation operators on an energy eigenstate

are:

a'ln) = vVn+1jn+1), (1.45a)
aln) = v/njn —1). (1.45Db)

It is also often useful to use dimensionless equivalents of the position and
momentum operators, called quadratures (X and }A’), which are found to be:

X=\/50=5"+a), (1.46a)
Y=——p=14(al —a). (1.46b)

1.3.2 The Quantization of Light

To motivate how electromagnetic waves can be quantized, the energy of a plane
wave in terms of its vector potential can be considered [41]:

A(r,t) = e A(r,t) = (Ae(_i“’t“k'r) + A*e(i“t_ik'r)) e, (1.47)
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where e, is a unit polarization vector and A is the complex amplitude of the

vector potential. The energy of the wave in a volume, V, is then:
E =eVw? (AA* + A*A) . (1.48)
This appears similar to Equation 1.42 and motivates the following quantization:

h
A a 1.4
- 260 Vw @ ( 9a)

h
A =/ al . 1.4
— ZGvaa (1.49b)

This gives the expression for the electric field operator to be:

~ 2 ~ ~
E(r,t) = 4/ 6?—; (X cos (k.r — wt) + YVsin (kor — wt)) ey, (1.50)

which is comprised of two quadrature observables, X and Y, with a /2 phase

difference between them.
This allows quantum optical modes to to be considered as having the same

Hamiltonian as a quantum harmonic oscillator.

1.3.3 Quantum States of Light

One set of states of light commonly considered are the eigenstates to the Hamil-
tonian of the quantum harmonic oscillator. These are states with a well-defined
number of photons, n, in a mode and are often called number or Fock states.
They are typically written as |n).

Another common set of states are the coherent states, ). This is the state
produced by a laser. In terms of the number basis, coherent states are written
as [35]:

) = o= % nz_%j;m (1.51)

Coherent states have Poissonian statistics in the photon number. These

states are minimum uncertainty states in the field quadratures, saturating the

AX = \/z (1.52a)

uncertainty principle’s bound,
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AY = \/z (1.52b)

They have equal uncertainty in each quadrature.

1.3.4 The Quantum Phase Operator

The classical parameter phase does not map perfectly to any quantum observ-
able. A Hermitian phase operator, q37 does not exist [35]. However, it is possible
to create Hermitian operators that approximate the behavior of a phase opera-
tor.

One approach is to consider states of well known phase (either in a truncated
[42] or infinite [35, 43, 44] Hilbert space),

\/ﬁ Zezn‘%ln (1.53)

where ¢, = ¢p 257_:_”1’

This can then be used to define a phase operator:

= ¢n_olo)(e|, (1.54)

and can lead to the uncertainty relationship between phase and number:
AnAg¢p > % , (1.55)

as would be expected for conjugate observables.

However, care should be taken when interpreting this uncertainty relation.
The photon number is discrete and unbounded, whilst the phase is continuous
and bounded. This makes it problematic to consider a commutator between
their operators, [é,fz}, to give a Robertson uncertainty relation. However, for

certain states (such as large coherent states) the relationship above does hold.

1.3.5 Nonlinear Quantum Optics Operators

Nonlinear optical phenomena occur when the properties of an optical medium
are modified by the presence of light [8]. This enables a number of processes
where light in different modes are able to couple together.

The simplest processes to consider are those which are parametric. These
occur when the state of the optical medium is unchanged by interaction with the

light — except for a brief time where it may exist in a virtual level. Parametric
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processes can be described by a nonlinear susceptibility x(™, where n describes
how the polarization of the optical medium depends on the electric field, P(") =
eox™ E™. These nonlinear susceptibilities are often very small, and almost
always only the lowest orders (2 and x®) are considered.

To consider the action of these nonlinear interactions on the quantum state
of light, we can express the Hamiltonian of the system in terms of the raising and
lowering operators of each mode. For x(?) there are three modes, a, b and ¢ and
the Hamiltonian is comprised of the energy in each mode and two interaction
terms. [45, 46].

Hye = hwélé+ hwrala + hwsb'h + e (ai)éT + aTi)Té) (1.56)

If we consider the interaction picture, splitting this Hamiltonian into a free part,

7:10, and interaction part, V:
Ho = hwélé + hwy ata 4 hws 07D, (1.57a)
V= m(aéa* + a*iﬂe) . (1.57b)

In the interaction picture
O4(t) = et Hot § o~ 7 Hot | (1.58a)

Vi(t) = et rHot y o= Hot (1.58b)

and the mode operators acquire simple phases:

ar(t) = ae ™1t (1.59a)
br(t) = be w2t (1.59Db)
eh(t) = efetivt (1.59¢)
Hence
Vi(t) = hw (aBéT e~ ilwrtwa—w)t | 4Fp ée“(wﬁwz—w)t) (1.60)

For energy conservation, the sum of the two lowest frequencies must be equal to
the highest: w = w; + ws and so the interaction Hamiltonian (in the interaction
picture) is:

Hw =t (abet +afbie) (1.61)

This interaction Hamiltonian describes all possible x(?) nonlinear processes.
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For spontaneous parametric down-conversion and difference frequency genera-
tion, the mode c is the pump and a and b are the signal and idler modes. For
sum frequency generation, the photons are generated in mode ¢ from the light
in modes a and b. For second-harmonic generation, the modes a and b have the
same frequency (w; = wy) and mode ¢ is the pump.

The expression for x (assuming that time is not directly considered and so

the interaction unitary from the Hamiltonian is given by U = exp(—i#{/h)) is:

242, hwawpw AEL
2 eff"a Cr2.: 2
= —=—[°g e 1.62
" NgMpNeocV sme < 2 ) ’ ( )

where n; is the refractive index of the nonlinear medium for the i*" mode, V'
is the volume of the optical modes, L is the length of the nonlinear medium,
Ak = k. — ko — kp is the phase mismatch and des¢ is the effective nonlinear
coefficient. This effectively nonlinear coefficient depends on the precise geometry
of the nonlinear medium but is of the same order as d;j, = %XS,)C

For x®), there are four modes. To conserve energy they can be arranged
either as w = wy + wa + w3 or as w = wy + ws — w3 (with different permutations
of the frequency labels possible). In the first case, the interaction Hamiltonian
is given by:

H o = hr (ai)écﬁ + aTzSTéTd) . (1.63)

x3
In the second case, the interaction is given by:

oy = s (aEaT df + atht écZ) . (1.64)

The Parametric Approximation

When one, or more, of the modes is an intense coherent beam, it may be treated
as a classical wave with constant amplitude [45]. This enables the substitution
@ — aand al — o*.

When this approximation is made, the full trilinear Hamiltonian of a y(
interaction is significantly simplified and enables a much more tractable treat-
ment of the remaining two quantum modes. This is also a highly practical
situation, where a classical laser ‘pump’ is able to control the effective strength

of an optical nonlinear interaction between the other two modes.
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1.3.6 Quantum Optics in This Thesis

The outline of quantum optics presented above is mainly used in Chapter 3,
where the nonlinear optical interactions between different quantum optical modes
are considered as measurements. However, some of the mathematical tools out-
lined above (the quantum harmonic oscillator) are used in Chapter 2 to simplify

some calculations.

1.4 Quasi-probability Distributions

It can be useful to consider a quantum state in the phase space parameterized
by the field quadratures — allowing the state to be represented in a way more
similar to a classical probability distribution. This has a number of advantages
enabling: the quantum state to be visualized in phase space; calculations of
expectation values to more closely parallel the classical approach; and detection
of systems behaving non-classically.

There is no unique way to describe a quantum state in phase space — with a
range of possible ‘quasi-probability’ distributions. The expectation value of an

observable can be written generally as [47]:
(0) =T (0p) = S_T(O)QA () (1.65)
A

where Q(p) : A — Qi (p) is the quasi-probability distribution, T(O) : A —
T A(O) is the symbol for O (the representation of the operator for a specific
quasi-probability), and the set of A depends on the specific quasi-probability
distribution (for example, the different a; and b; values for the Kirkwood-Dirac
(KD) distribution). The function Q(p) acts similarly to a classical probability
distribution. However, the function does not need to be positive (or even real)
valued, hence it is a ‘quasi-probability’ distribution.

The density matrix, p, is a more general representation of the state of a

system that allows for classical uncertainty in the quantum state,
p="> pilthi) (il (1.66)
i

where p; is the classical probability of the state being found in the pure quantum
state |¢;).
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W(X, Y)

(a) Single photon (b) Squeezed Gaussian state

Figure 1.5: The Wigner distribution for two different quantum states.

1.4.1 The Wigner Distribution

One common choice of quasi-probability distribution is the Wigner representa-

tion [35, 48, 49]. The quasi-probability distribution is given by:
1 (o)

5 ipa/h
Py _Oo(q—i— 1xlplg — %x>e“’$/ dz. (1.67)

Wig,p) =

This is the natural choice to evaluate expectation values of symmetrized
operators since the symbol of these operators in the Wigner representation is
trivial. Hence, for a symmetrized (Weyl ordered) function, Gy, Equation 1.65

becomes (for the continuous case):

@mamzjbw@mwmm@@. (1.68)

The Wigner distribution is always real, but can have negative values. If a
state has any regions with negativity, this is a signature of non-classicality [10,
11]. However, many non-classical states (such as squeezed states) do not have
any regions of their Wigner function with a negative value (see Figure 1.5).

Another property of the Wigner function is that the marginals are probabil-
ity distributions:

[waria=isto). (169
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which, for a pure state, is equal to |(p[1)|?. Similarly:

/ W (g, p)dp = (d0ld) . (1.70)

In quantum optics, other common quasi-probability distributions are the
Glauber-Sudarshan P and Husimi Q representations which act on functions
with normal and anti-normal orderings of their operators [35]. However, the
marginals of these representations do not have as simple a relationship to clas-
sical probability distributions of the state [47].

1.4.2 The Kirkwood-Dirac Distribution

An alternative quasi-probability distribution is known as the Kirkwood-Dirac
distribution and applies to left or standard ordered operators (powers of & al-
ways to the left of powers of p) [47, 50]. This distribution is also easier to
generalize to other observables and, unlike the Wigner distribution, does not
require the use of a basis of conjugate (or maximally non-commuting) observ-
ables [47, 51]. The distribution also has the property that it is equal to zero
wherever the wavefunction of x or p is equal to zero, a property that is espe-
cially desirable in signal processing [52] where the Kirkwood-Dirac distribution
is known as the Rihazek distribution. Below, the discrete case is considered but
this straightforwardly extends to the continuous case.
Consider two orthonormal bases which are the eigen bases of the operators
A and B ,
A="ajlai)(ail, (1.71a)
i

B = b;b;) (bl (1.71b)
J
The Kirkwood-Dirac quasi-probability is then expressed as [47]:
Qi3 (p) = (bjlai){ailplb;) , (1.72)
with the symbol of O being;:

oy _ (b510]ai)
T:;(0) = =+, (1.73)
! (bjlas)
allowing expectation values to be found using Equation 1.65.
The elements of the Kirkwood-Dirac distribution can be complex as well as
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Re K(X, Y)

KX, V)|

(d) Re[K] (squeezed Gaus- (e) Im[K] (squeezed Gaus-
sian) sian) (f) |K| (squeezed Gaussian)

Figure 1.6: Kirkwood-Dirac distributions in quadrature space for (top) a single
photon and (bottom) a squeezed Gaussian state: real part, imaginary part, and
magnitude.

negative valued, which are signs of different forms of nonclassicality[53]. How-
ever, as for the Wigner distribution, the marginals of the Kirkwood-Dirac distri-
bution correspond to the Born rule probability distributions expected for A or
B. Examples of the KD distribution for a single photon and squeezed (Gaussian
state) are shown in Figure 1.6.

An additional property of the Kirkwood-Dirac distribution is that the ele-
ments of the distribution are equal to the expectation of the joint value of the

two projector operators [28, 47]:
Qi,j (/3) =Tr (Hbj Haiﬁ) = <Hbj Hai> ’ (174)

where I1,, = |a;)(a;| and IT,; = [by){b;].
This can be rewritten as:

Qi (p) = (bjlai)(ai|plb;) . (1.72 revisited)

Using the resolution of the identity, 1 = ), |ax){ax|, we can rewrite this
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expression as:

Qi j(p) = (bjlai)(aslp-a]b;) = (bjlas)(ailpla)(axlb;) - (1.75)
k

This allows the use of an expression for the density matrix solely in the a basis:
plaisag) = (ai|plak) (1.76)

If we consider the case when «a is the position, z, and b the momentum, p,

we find that the Kirkood-Dirac distribution for a density matrix g is given by:

D(w;,ps) = e PN g, wy )i (1.77)
k

where p(x;, 1) = (x;]p|xr). For a pure state |1}, this corresponds to a density

matrix of:

p(iyer) = (@il plor) = (i) (Qlen) = (e (er)” (1.78)

where 9(z;) is the wave function of the state.

1.4.3 Quasi-probability Distributions in This Thesis

The quasi-probability distributions outlined above (specifically the Kirkwood-
Dirac distribution) are mainly used to motivate and interpret the measurements

made by the experiment in Chapter 2.

1.5 Gaussian Quantum Optics

Many relevant quantum optical states (coherent, thermal, squeezed) can be
represented as a Gaussian function, where the Wigner distribution of each mode
is fully characterized by their first and second moments [54-56]. A Gaussian
transformation is then any transformation that changes a Gaussian state to
another Gaussian state.

A Gaussian state can be represented by a vector of the quadrature expecta-
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tions: .
(Xa)
(Xb)
r=| o |- (1.79)
(Ya)
(Ys)
and a covariance matrix:
Vij = HAX,AX; + AXGAX;), (1.80)

A Gaussian transformation is then represented as a symplectic matrix, S

and a displacement, d.
r— Sr+d (1.81)

vV — SvsT (1.82)

Any Hamiltonian that is at most second order in the field operators, is able
to be represented in this way. The matrix S can be found from the purely
quadratic part of the Hamiltonian. The matrix H, which satisfies H = 7 HF,
is used to find S [57]:

S =t (1.83)

0 1
0= (1 0) ) (1.84)

1.5.1 Gaussian Quantum Optics in This Thesis

where () is the block matrix:

The Gaussian optics formalism is used in Section 3.1.7 when considering how a
von Neumann interaction Hamiltonian can be decomposed into linear operations

and single mode squeezers.
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Chapter 2

Conditional Measurement

of Joint Weak Averages

When two observables do not commute, it is not possible to measure both
observables with arbitrary precision — for position and momentum this is the
famous uncertainty principle of Heisenberg [58]. More generally this is given by
the Robertson uncertainty relation [59, 60],

oa0s > 5/([A, B])|. (2.1)

This has consequences when attempting to jointly measure incompatible
observables — a strong measurement of A will leave no information about B
[61]. One approach [62] is to simultaneously couple each observable to a different

pointer with the Hamiltonian:

H=g (/1131 + Bﬁz) ; (2.2)
where p; and po are the conjugate momenta of the two pointers (and commute
with A and B as they act on different systems).

Alternatively, the observables A and B can be measured on different quan-
tum systems prepared in identical states [16].

Of particular interest is to measure the joint value (AB) =Tr (AB,é) For
instance, this is an interesting quantity to understand entanglement [13, 63,
64]. However, when these observables are incompatible, standard approaches
no longer work [61] and since AB is not hermitian, the value (AB) will not be

real.
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The framework of weak measurement can be applied to these joint measure-
ments. The concept of a joint weak value (analogous to the weak value of a

single observable) was introduced by Resch and Steinberg [31] and given by:

Re [3(AB + BA)w| = QM — Re[A}, Bw] , (2.3)
9192
where (q1¢2)¢; is the expectation value for the product of the two pointer po-
sitions ¢1¢> given a successful postselection and g; is the interaction strength
with the ¢*" pointer. The subscript W indicates this is a weak value. Additional
theory for the joint weak value was developed in [32, 65, 66].
It is also possible to consider joint measurements without postselection, even
in the case when the joint operator is not Hermitian. These measurements are
called the joint weak average and are given by [28]:

(AB)w = Tr (AB;;) 7 (2.4)

which is the standard expectation value for an operator acting on a quantum
state (although if AB is not hermitian this value will not be real). As an
expectation value (average), this quantity has no fundamental limitation on the
uncertainty that can be achieved.

Joint measurements have been made in a number of ways: by sequentially
measuring observables [67-69], using optimally cloned states [70, 71], and using
fractional Fourier transforms [72]. They have also proven useful investigating
phenomena such as: Hardy’s paradox [73-75], the quantum Cheshire Cat [76,
77], and the time ordering of measurements [78, 79].

One other application of joint measurements is their use to determine the
quantum state of the system [28]. This provides an alternative to standard
tomographic techniques [80-83] by allowing the elements of the Kirkwood-Dirac
distribution [84, 85] or the density matrix [86] to be found.

However, these schemes all require post-processing of measurements (and
often the readout of the states of multiple pointers). This can be avoided by
making use of a conditional scheme [28]. By conditionally coupling two pointers
— where the second pointer’s interaction strength depends on the outcome of the
first — the joint operator’s weak average can be directly inferred from the shift
in the second pointer’s position. This has the advantage that the joint weak
average can then be directly read off from a single pointer.

This chapter presents, and extends upon, the conditional weak scheme of

Lundeen and Bamber [28] in Section 2.1. In Section 2.2 we design an exper-
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iment to implement this scheme and present computation simulations of this
experiment in Section 2.3. The full experimental setup is described in Sec-
tion 2.4. Some initial tests are shown in Section 2.5 and results demonstrating
the conditional scheme are presented in Section 2.6. Proposed directions for

future troubleshooting and refinement are in Section 2.7.

2.1 Conditional Measurement Theory

In Section 2.1.1 we present the proposal of Lundeen and Bamber [28]. In Sec-
tion 2.1.2 we find the requirements for the weakness of the measurements (clar-
ifying upon the limit suggested in the original proposal) and we show that the
first pointer is able to be reused after the conditional measurement with the
second pointer in Section 2.1.3. In Section 2.1.4 we show what modifications
are required when polarization rather than position is used as the pointer state.
Finally in Section 2.1.5 we show that a simpler binary conditionality is able to

produce exactly the same type of measurement.

2.1.1 The Lundeen and Bamber Scheme

A conditional joint weak measurement can be made if the unitary evolution of
the pointers and the measured state has the form given by Lundeen and Bamber
[28]:

U = UyU; = exp (—iggcjlflﬁg/h) X exp (—igléﬁl/h> , (2.5)

where A & B are the observables to be jointly measured; §; & p; are the ‘position’
& conjugate momentum of the ith pointer; and g; is a measure of the coupling
strength to the ith pointer.

This interaction can be seen as comprised of the two different unitary inter-

actions shown in Figure 2.1.
Uy = exp (—igléﬁl/h) (2.6a)

UQ = exp (7292@114]32/%) (26b)

The first of these interactions is a typical weak measurement, where the pointer
‘position’; ¢ is displaced by an amount that depends on the observable B. The
second unitary can be seen also as a von Neumann style measurement interaction
to measure A. However, the strength of this interaction now depends on the

position of the first pointer, ¢ = g2G;, making this measurement conditional on
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Figure 2.1: A quantum system, represented here by [|¢), interacts weakly with
the first pointer in a way described by the unitary operator U, with strength
g1 The first pointer ‘position’; ¢, is displaced. The system then interacts with
a second pointer in a way described by the unitary operator Us, displacing the
second pointer’s ‘position’, go. The strength of this second interaction (g2g) is
conditional on the position of the first pointer, ¢;. In the limit of very weak
measurements, the quantum system can be arbitrarily undisturbed such that
the state after the measurement is the same as before.

the result of the first.
For a system described by this combined unitary, the joint measurement can

be performed by finding the expectation value of §s.
(@2) = grgaRe [(WABly)] (2.7)

Derivation

When the pointer wave functions are considered to be pointers centered at zero,

the initial state of the system (before measurement) is:

|¥) = [0)1]0)2]%) (2.8)

where the first two terms are the states of the pointers and the final term is the

state of the system being measured. After measurement the state will be:

V') = U|¥) = U]0)1/0)2¢) - (2.9)
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The expectation value of ¢y is then found to be:
(d2) = (V|42 W) = (VU7 GU W) . (2.10)
Looking at the T]'T(jgff term:
o0 = o690 1) o liosts A1) s o iosin Aba/) i Bin/) (9,11
and applying the BCH lemma [87): eXYe ™ =Y + [X, Y]+ £ [X, [X, Y]] + ...

T

[
5

2[7 _ e(iglf}ﬁl/h) > (QQ + %92 [Aﬁ%jly(b} + ) ~ e(—ing’ﬁl/h),

-l

(

FGU = oligrBpr/h) o ((j2 + %92121611 (2, 2] + ) « o(—ig1Bp1/h) L (213)
Ut G0 = elis Bor/h) (Qz + QQAQ1) x o(-ig1Bhr/h) (
(

U0 = Go + oligrBpi/n) o (92Aq1) « o(—ig1Bp1/h)
The BCH lemma can then be used again to give:
UtG.U = o + g2Adn + 19192 [Bﬁl,fidl] +0(g*). (2.16)

The expectation value of the first two terms will be zero for pointer states
which have even wave functions (probably the only sensible choice to initialize
a pointer state in), since the first two terms are odd and so the expectation
integral will be zero. Since the measurements are weak, g; and go will be small
and hence higher order terms can be neglected. This gives the expression for

the expectation of §s to be:
. i 5 Aa a A A
(G2) = ﬁg192<‘1/\BAp1Q1 — ABG1p1|V) . (2.17)

To proceed further with this, we can make use of the fact that the pointer can
be chosen to start in a specific Gaussian state. The approach used by Martinez
et al. [72] of raising and lowering operators is followed.

The wave function of the first pointer in its initial state can be given as:

1 _ai

#(q1) = {q1|0)1 = me i (2.18)

where o7 is the standard deviation of the first pointer probability distribution.

This has the same form as the ground state of a quantum harmonic oscillator
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with a lowering operator given below. There is no actual quantum harmonic
oscillator involved, this comparison is simply a mathematical equivalence to

enable the use of tools from that framework.

. Q1 | .p1o1
=2 2.19
0= T (2.19)

and hence:
G =o1(a+al), (2.20a)
ih
p = —(a' —a). 2.20b
p1 201 (@' —a) ( )
Substituting this result into the Equation 2.17 then gives:

1 A ~ A

(G2) = —59192<‘I’|BA(5ZT —a)a+a') - AB@a+aha" —a)w).  (2.21)

Since we are considering the expectation value of a ‘ground state’ of a quan-

tum harmonic oscillator, only those operators of the form aa' will give a non-zero

contribution,
(G2) = %gng<\I/|BA&dT + ABaat|w), (2.22)
(o) = 3019201 0 01 BAdG + ABaa'ohl0plu),  (223)
(ia) = 59192001 BA + ABJ) (224

With a fairly simple rearrangement, we can then see that this gives the real
part of the joint operator AB,

(i) = 5192 ((1(ATBN 1) + (W1 ABI)) - (2.25)

Since both A and B correspond to observables they must be Hermitian

operators and so:

(io) = 5102 (WWIAB) 1) + wIABw) ) (226)
(ia) = gonon((WIABI)* + ($I4B1) ) (2.27)
(@2) = gigaRe [ (V| ABI)] . (2.28)

The real part of the joint weak average is obtained directly by measuring

the position of the second pointer.
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Imaginary Joint Value

To find the imaginary part of the joint value, the strength of the second inter-

action should depend on the first pointer’s momentum (rather than position).
Uz = exp (*1'92131/1132/5) X exp (*igléﬁl/ﬁ) (2.29)
Using the same procedure as before, this will give the expectation value:
. i 2B A AR
(G2) = gg1g2<‘I’|P%(BA — AB)|V). (2.30)
For a Gaussian pointer and using the raising/lowering operator formalism:
N _lh At N2/ D A A
() = @9192@4(“ —a)° (BA— AB)|¥), (2.31)
1
N ih A s a
(@2) = @9192@“(31‘1 — AB)|v). (2.32)
1

Rearranging in a similar way as previously:

X hgig 1A

(@) = 5 m | (W] ABJy)| - (2.33)
o1

Alternatively, the interaction with the first pointer can shift the pointer’s

momentum instead of position which would have the unitary:
Us = exp (—iggd1x‘iﬁ2/h) X exp (—igﬂ%q}/h) . (2.34)

This would then give the expectation value of the second pointer position to
be:

(i) = 2982 o (g1 A1) (239

Momentum of the Second Pointer

When measuring weak values, the imaginary part of the weak value can be
found by reading off the momentum of the pointer [21, 27, 31, 32]. However, in
the conditional scheme there is no information about the imaginary component
of the joint value in the momentum of the second pointer.

Since po commutes with the unitaries needed for this measurement, the ex-

pectation of po after the interaction will be the initial pointer momentum,

(b2) = (VU poU W) = (W[poUTU W) = (W|po| W) . (2.36)
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Mixed States

The procedure outlined above is simple to generalize for a mixed state of the

form:
p= an|0>1|0>2|wn><wn‘ 2<0| 1<0| . (2-37)
Resulting in:
(G2)r = g192Re {Tr {MB} } : (2.38a)
. h P
(Ga)r = 29(;‘;2]2 Im {Tr [pAB} } , (2.38b)

where the first expectation value, (§2)g, is when the strength of the second
interaction depends on ¢y, and the second expectation value, (§2)7, is when the
strength of the second interaction depends on p;.

2.1.2 What Does it Mean to be Weak?

After Equation 2.16, the higher order terms (with respect to coupling between
the pointers and system) were neglected since we have assumed that they are
small. However, it would be useful to know what ‘small’ means and hence how
strong a signal we can get without unnecessarily disturbing the results. To do
this we consider the next terms in power of g. Starting with:
U0 = eli91801/h) o o921 Aba/h) o 5 o o(—ig2drAPa/h) o o(=ig1Bpr/n)
(2.11 revisited)

we can again apply the BCH lemma — this time explicitly evaluating higher
order terms. Identifying X1 = fgo Apady and Yy = Go,

7 A 7 A o
(X1, Y] = 792 {APQQM(D] = %ngm [D2, G2] = g2Ad1 , (2.39)

(0, (X0 Vi) = 763 [Apodr, Adr | =0, (2:40)

and so the series terminates after only two terms. The application of the BCH

lemma in this case gives:
_ 1 R P
eX1Yie™ ¥ =V 4 (X1, V1] + Q[Xl, (X1, V1] + ... = G2 + g2 441 . (2.41)
Substituting this result into Equation 2.11 then gives:

UlgU = e<%gléﬁl) X (‘b +92A§1) x e(_%gléﬁl) ) (2.42)
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UtgoU = Go + e(%gléﬁl) x gaAgy x e(f%gléﬁl) . (2.43)

Identifying Xo = %913}31 and Yy = ¢g2Ag, and applying the BCH lemma

again gives the result used in Equation 2.16:

7 AL
[X2,Y5] = 79291 [BphA(h} : (2.44)

Now explicitly evaluating the next order term:
1 ISR P
(X2, [Xo, Ya]] = — 29201 {Bph [BphAth : (2.45)

This term has odd parity in terms of the ¢; and p; operators and so will
evaluate to zero for an even pointer state. Hence, the next order term will be
needed to find a deviation from the (ga) result for weak measurements.

(X2, [X2, [ X2, Ya]] = _higgQg? [Bﬁlv [Bﬁl, {Bﬁl,fi(il]” (2.46)

Xz, [Xz, [X2, Yall] = —-5.9297 (B* A — 3B2ABpRaun
h (2.47)
+3BAB’p141p7 — ABS@lﬁ?)

To evaluate (¥|[X2, [X2, [X2, Y2]]] |¥), we can make use of the same lower-
ing/raising operator formalism as before. Since @|0) = 0, (2|0) = 0 and (4]|0) =0
the only combination of lowering and raising terms that won’t give a zero ex-
pectation value are, aafaa® and a2a’?. After performing the expansion and

evaluating the expectation values we find:
3 o o
(W] (X, [Xo, [Xa, Voll] [} = —5.0207Re [(W|AB* — BAB%y)| . (248)
1
This then gives the result:

R - A A 911392 A AS A A /\2
() = grgoRe [(WIABIY)| - LERe [(WIAB® — BABw)| . (2.49)
1

Re[(y|AB°—BAB?|y))

and hence the condition for the method to work is (assuming that Re[(W1ABI0]

is of order unity):
2
91
<< 1. 2.50
80?2 ( )

This is very similar to the condition that the first measurement is weak — the



36

displacement caused by the first measurement, g1 (B), must be much smaller
than the initial uncertainty in the pointer’s position, o;.

An equivalent calculation for measuring the imaginary component of the
joint weak average (so X; = % ggflﬁgf)l) finds that the same condition is needed.

This condition of weakness has no dependence on any of the parameters of
the interaction with the second pointer, including the interaction strength go.
This second interaction can be of any strength — including strong — enabling
larger signals to be measured (and hence improving the signal to noise ratio).

2.1.3 Reuse of the First Pointer

One of the advantages of the conditional scheme is that only a single pointer is
read out to find the joint weak average. However, two pointer states are still
required to implement this scheme and so it may appear as resource intensive
as alternatives. This is not the case, since the first pointer is unused after the
second conditional measurement — enabling a subsequent strong measurement
to ‘overwrite’ this pointer.

The unitaries for the conditional weak measurements will be unchanged:

0y = e i Bo/h (2.51)
Uy = ¢ i20iAbe/h (2.52)

The unitary for a subsequent strong measurement, using the first pointer, is
given by:
Us = e~ iGaCi/h (2.53)

Measuring gz

The expectation value of ¢y will be given by:
(G2) = (W [U]TUSUS 4:U305T0 [4) (2.54)

Considering the central 3 ‘terms’ of the expectation value, we can use the

BCH lemma to give:
Ud4oUs = eCaCP1/0 e iGaCP1/h = g, 4 1Gy [C‘ﬁl, @2} to=G. (255)

Hence the expectation value of ¢ is unchanged by the additional measure-

ment and will still result in a readout of the joint weak average of A and B.
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Measuring ¢,

We can use the same technique to find the expectation of ¢y,
(@) = (0] OJU§@ U5 U201 [) (2.56)

This time the central three ‘terms’ give:

s iGsCp1/h 5 —iGsCp Lo b Ao o S
U§Q1U3 = 'GP /N g o =1GCP1/h — Q1+EG3 [Cplvql} +..=qa+GsC. (2.57)
After applying the same technique to the remaining terms we get:
71U] A3T‘3103U2U1 =G+ GsC+ g B+ +G391p1 [B, C’] + .. (2.58)

When the first measurement is weak and the second strong such that: G3 >>

g1 and G3 >> G391, then the expectation for ¢; will be approximately:
(d1) = (V)@ ) + G5 (V|C|Y) (2.59)
which for a pointer initialized with {G2) = 0 gives:
(@) = G3(eICly). (2.60)

This allows a strong measurement of C to be made simultaneously with that
of the joint value of A and B.

2.1.4 Using Polarization as a Pointer

Polarization (or any other qubit) is slightly different from the continuous cases
considered above — due to the cyclical nature of displacements around the Bloch
sphere.

When the second pointer is polarization, the unitary interaction is given by:

U =exp (72.92(?1/16'2/2) X exp <finge;61/h> , (2.61)

where Py /Fi is replaced with 6, /2.
We can consider measuring the expectation of 6, to be equivalent to measur-
ing the ‘position’ of the second pointer, ¢,. Using a similar approach as before

to find this expectation value:

(60) = (U|U6,U|W), (2.62)
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where:
UT@-wU — eig1B;ﬁ1/heigzdlAﬁz/2&$e—igztjlA&z/2€—ig1B;ﬁl/h ) (2.63)

The middle 3 terms can be evaluated with the BCH lemma:
eig?é“‘i&z/zﬁme_i”‘j“é&z/2 = cos (gg(jlfl) 0, — sin (gyjﬁi) Gy - (2.64)
Making the substitution ggq]fl = qAS, gives:
Ute,U = el Bor/n (cos(qg)frx - sin(qg)6y> e Bi /b (2.65)
The BCH lemma can be applied again to give:

Ute,U = cos(gig)&_qc — sin(q@)&y
; N R ; . (2.66)
+ ﬁglcrm [Bpl,cos qﬁ} - ﬁglay [Bpl,sm qﬁ} + O(g%).

To evaluate these commutators, we can consider the Taylor expansion of the
sine and cosine terms. Neglecting any terms that are third order or higher in
the product of g; and gy gives:

(2.67)

Ute,U = cos(ggcjlfl)[rm — sin(ggzjlfl)c}y
i R R (2.68)
— 591920y [Bﬁh QlA] +0(g%).

However, this is only valid when g, is small — and so the 2nd measurement
can no longer be strong.

For an initial first pointer state which is an even function of §;, the expecta-
tion value of the odd operator sin (ggcjl A) will be zero. When the second pointer
is initialized as circular polarized, |L), an eigenstate of 6, then (L|6,|L) = 0
and (L|6,|L) = 1. This then gives the expectation value of the second pointer
to be:

<&x> :<\IJ|UT&90U|\IJ>

~ = 1 [ B, 1A ) = —grgoRe [(]ABI0)] |

(2.69)

very similar to the case of a continuous second pointer given in Equation 2.7.
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2.1.5 Binary Conditionality

The original conditional scheme of Lundeen and Bamber [28] proposed that the
strength of the second measurement depends linearly on the pointer position.
However, a simpler — binary — conditionality is also able to measure the weak
joint value.

For the binary conditional scheme, the unitary for the complete interaction

is given by:
U = exp (—igg(jiAﬁg/h) X exp (—ingﬁl/h) , (2.70)
where ¢4 is:
. 1 if¢g >0
4o = ! (2.71)
-1 if¢ <0,

In the position basis, ¢+ is represented as:

G=(q) = 2H(q1) - 1, (2.72)

where H(qy) is the Heaviside step function.
The BCH approach used previously can be applied in the same way until
reaching Equation 2.17, but with §¢; replaced with ¢,

. 1 A PP
(G2) = 59192<‘I’|BAP1¢& — ABG+p1|¥) . (2.73)

As before, we consider the pointer state to be in the Gaussian state given by
Equation 2.18 — although now evaluated explicitly in the position basis rather

than in terms of raising or lowering operators.

g2
e dg (2.74)

0snl0n = = [ 5 2H(@) - ) (-in)

ih o0 _ai
= Voo (2H(q1) - 1) %e 22 dqy (2.75)
__n (2.76)

V2ro?

For the other ordering of g+ and p;, the expectation is:

1(0[p1G+)0)1 =

\/W/ et (= )d(; <(2H(q1)1)e4a >dq1. (2.77)
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The derivative of the Heaviside function is a Dirac delta function [88], giving:

PN —ih ° —af -
sl = =25 [ 5 (200 + 3% @) D) da 279
—ih

- o (2.79)

Substituting these results into Equation 2.73 gives:

(i) = 892 (g BA 4 ABJw) = 9922, [(wIdBly))] . (2.80)

V2mo? To2

This binary scheme has a number of advantages over the original proposal.

It allows for a far simpler conditional coupling between the two pointers — rather
than requiring the strength of the second interaction to vary linearly with the
first pointer ‘position’; the strength of interaction can take just two values.
This is especially useful when there is experimental noise in the control of the
interaction strength. By requiring only two values for the interaction strength,
which can be far apart, small fluctuations around these ideal strengths have

much less effect than they would in the linear scheme.

Binary Conditionality of Polarization Rotation

The use of the binary conditionality scheme also has the advantage of enabling
strong second measurements when using polarization as the second pointer.
Using the same arguments as in Section 2.1.4, we find that for a Gaussian

first pointer and the second pointer initialized with the circular polarization |L):

(¥[0'6,010) = — L gu (] [Bpv.sin (mdds) | ) + 0D (28D

We can consider the full Taylor expansion of the sine term:

sin (ngiqg) = 92 Ade + .. + ),95"“212““41"“ + . (2.82)

(2n+1

It is simple to see (for instance by considering the position representation)
that G2"*1 = G1. Then for any operator A, which satisfies A2"*! = A we find:

sin (gQAqi) — sin (go) Ady . (2.83)

The restriction on the properties of A are not overly limiting. Any idempo-

tent operator will satisfy this condition — including all projectors.
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When A is of the correct form, this then gives:

) V2
Vo2

There is now no constraint on strength of the second interaction go — with

(62) sin (g2) Re [ (0| AB|v)] . (2.84)

the maximum strength achieved when go = 5. This corresponds to a rotation

on the Bloch sphere of +3 for ¢; > 0 and —% for ¢; < 0.

2.1.6 Conditional Measurement Summary

In this section we presented the proposal of Lundeen and Bamber [28] to per-
form a conditional joint weak measurement of two observables. By conditionally
coupling two pointers — where the second pointer’s interaction strength depends
on the outcome of the first — joint operator’s weak average can be directly in-
ferred from the shift in the second pointer’s position. This requires only a single
pointer to be readout to obtain the joint weak value. Depending on the exact
configuration of the measurement interaction either the real or the imaginary
component of the weak joint value can be measured. However, a key disadvan-
tage of this method is that the initial interaction must be weak and performed
without postselection, which generates a very small signal, and the conditional
coupling introduces greater experimental complexity than alternative sequential
measurement schemes.

Building upon this framework, we showed that when a measurement of this
form is performed, the first pointer can be ‘reused’ to perform a strong mea-
surement of another observable. This demonstrates that requiring the readout
of a single pointer provides a usable advantage in the degrees of freedom of the
optical system available. We also considered the modifications required when
one pointer is polarization (i.e. a qubit) rather than a continuous pointer.

Finally, we showed that the conditional scheme does not require that the
strength of the second interaction vary linearly with the result of the first. A
binary conditional scheme — where the second interaction strength varies only
in its sign (and not its strength) — is able to reproduce the results of the original
proposal. This has the advantage of being easier to implement — both by no
longer requiring a linear variation in interaction strength and also being more

robust to noise in the interaction strength.
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Key Findings

A conditional scheme enables the joint weak value to be readout directly

using only a single pointer. (Section 2.1)

After the second interaction, the first pointer is able to be reused to per-

form a measurement of a different observable. (Section 2.1.3)

There are only small modifications required if the second pointer is a qubit

and no longer continuous. (Section 2.1.4)

A binary conditional scheme, which only varies the sign of the second
interaction, reproduces the key results while being more robust to noise

and easier to implement. (Section 2.1.5)
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2.2 Experimental Design

In this section, we describe the design of an experiment to measure the joint
weak value of the position and momentum projector operators of a photon —
using a conditional scheme. The first pointer is the y transverse position and
the second pointer is the polarization. The position is coupled to the first
pointer using a tilted glass sliver and the momentum is conditionally coupled
to polarization using a spatial light modulator (SLM).

It was decided to measure the conjugate projector operators of transverse
position, 7, and momentum, 7,, for a photon to demonstrate the conditional
scheme. The primary motivation for selecting these operators is their status as
canonical conjugate variables (and hence leaving more degrees of freedom of the
photon available to be used as pointers). Measuring their joint average would
also enable measurement of the the Kirkwood-Dirac distribution. This distri-
bution offers a complete phase-space characterization of the photon’s transverse
spatial state, providing an alternative to standard quantum state tomography.
In addition, the real part of the Kirkwood-Dirac distribution (which would be
directly measured when using a cylindrical lens to perform the Fourier trans-
form in this scheme) is known as the Margenau-Hill distribution [89] and is of
interest in its own right.

This choice of measurement observables then allowed the use of y, polar-
ization or frequency as choices for the pointer states (since only the internal
degrees of freedom of the photon are easy to couple together). Polarization and
y were chosen due to the experimentally simpler equipment to manipulate these
degrees of freedom.

Since this scheme should require minimal post processing, and a single value
for each x and p value, the readout of the second pointer should be possible to
do with a bucket detector. This is more natural when measuring polarization
than transverse y position.

This then gives the conceptual arrangement shown in Figure 2.2.

2.2.1 Unitaries Using Y and Polarization as Pointers

For an experiment, measuring the discrete projectors of x and p,, using the
y position as the 1st pointer and the polarization as the second pointer, the
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State Preparation

Weak measurement

Conditional

Polarization

of T, measurement of 7, measurement

Figure 2.2: A conceptual outline of the components needed to perform a con-
ditional measurement of the joint weak average of the position and momentum
projectors. The state to be measured is prepared. Then the x position projec-
tor, 7, is weakly coupled to the first pointer (y transverse position). The x
momentum projector, 7, is then coupled to the second pointer (polarization) in
a way that the strength of this interaction depends on the first pointer (y posi-
tion). The joint weak average is then readout by measuring the second pointer
‘position’ (polarization).

unitaries must be:

U1 = e_iglﬁ:”iﬁ”/h ~1-— Z'glﬁ'a:iﬁy/ha (2-85)
Uy = e '929%%592/2 1 —igoyity, 6./2, (2.86)

where g7 and go are the respective coupling strengths of the two measurement
interactions; 7, = |x;)(x;| is the z position projector; Tx, = |k;)(k;| is the

momentum projector, where |k;) = 3, e"*i%i|z;) and k; = p,, /h; p, and § are
the momentum and position operators for the y transverse direction; and &,
is the Pauli matrix corresponding to measurements on the |H)/|V) axis of the
Bloch sphere.

When the second pointer is initialized in a circular polarization state, the
expectation value of the polarization state in the diagonal/anti-diagonal basis
will be:

<\Iﬂ|[7a:|\l’,> = —g192Re [<7/)|ﬁ-k, ﬁ'arqwj” . (2-87)

2.2.2 Weak Measurement of 7,

The first measurement shown in Figure 2.3 is that of 7,. The required interac-
tion is that a photon at a position x; must be displaced by a small amount in the
y-direction (compared to the width of the beam in y). This can be accomplished
using a tilted ‘sliver’ of glass as shown in Figure 2.4.

The amount of displacement, g;, depends on the thickness of the sliver, ¢;
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Figure 2.3: A schematic of the key optical components required to perform the
conditional measurement of the joint weak value of position and momentum for
a photon. The first weak measurement of position is performed by the glass
sliver. The second measurement of momentum is performed using the spatial
light modulator (SLM). The second pointer ‘position’ (polarization) is then read
out.

L.
(a) (b)

Figure 2.4: (a) Light passing though a tilted plate of glass will be displaced by
refraction. (b) When this glass is a thin ‘sliver’ at a particular z;, only the light
passing through the sliver will be displaced.
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the sliver’s refractive index, n; and its angle of tilt, 6:

g1 = tsing (1 - COSQ) . (2.88)

n2 —sin®
For small angles, this can be approximated as:

g1~ 10 (1 - 1) . (2.89)

n

Sliver Parameters

We require that the displacement of the beam is small compared to the y trans-
verse width o7.
g1 << 2\[20’1 (290)

Collimating the light after a single mode fiber, using the aspheric lens readily
available, will create a beam with a width of around 1 mm.

A larger displacement will result in a larger (and easier to detect) signal.
Hence, there needs to be a balance between a small displacement (so that the
measurement is weak), but large enough to have a detectable signal. It was
decided that a displacement of around 0.15 of the beam width (0.15 mm) would
be used.

For a fused silica (refractive index, n = 1.45) sliver with thickness ¢ = 1 mm,
this would require a tilt angle of 26°. For the experiment, a block with an angle

of 24° was used, giving a displacement of g; = 0.140 mm.

Sliver Phase

Light passing through the glass sliver will pick up a phase, A¢, compared to
light that does not pass through the glass,
_ 27t(n—1)

Ap= ——~ 2.91
¢ Acosf (2.91)

where A is the wavelength of the light.

There will be no effect of this phase if it is an integer number of 27 (and the
coherence length of the beam is longer than the path length through the glass
sliver). The phase can be fine tuned by small changes to the angle 6 until this

condition is met.
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2.2.3 Operational Measurement of 7,

The second measurement requires the unitary given in Equation 2.86. This
unitary describes a process where the polarization of light, at a specific k;,
is rotated about |H)/|V) axis by an amount that depends linearly on its y
transverse position. For light with any other value of k, there should be no
change to the polarization.

To perform this measurement, it is useful to consider the Fourier plane (in-
troduced in Section 1.2.2) after a lens which is placed one focal length from
the plane of the position measurement (as shown in Figure 2.3). In the Fourier
plane, the transverse =’ position corresponds to the values of k, or x momentum,

Pz, at the plane of the first measurement.

x/:f)‘kz :f)\]?x
27 h '’

(2.92)

where A is the wavelength of the light (in this experiment 809nm narrow-
linewidth laser) and f is the focal length of the lens.

The polarization at a particular k can be rotated using a similar approach as
the measurement of position — using a sliver at a particular transverse position
in the Fourier plane.

The optical component typically used to rotate polarization, a waveplate,
will not be suitable here. This is because the amount of rotation needs to vary
with the y-transverse position, while for a typical waveplate it is constant. In
principle, it would be possible to create a wedge shaped birefringent crystal
that would create the desired rotation. However, it would be very challenging
to create this as a very thin sliver.

An alternative is to make use of liquid crystals. These are birefringent fluids
where the fast axis of the molecules can vary with position - creating an optical
element that imparts a spatially dependent polarization rotation. This has
been widely used for the creation of g-plates, but the techniques can be used to
produce a generic pattern [90, 91]. There are, however, limits to the feature size
that can be written in these plates. This would restrict how thin a sliver can

be fabricated and hence the resolution that could be achieved in measuring k.

LCOS Spatial Light Modulator

Another option would be to use a Liquid Crystal on Silicon Spatial Light Mod-
ulator (LCOS SLM) [92]. This is also a liquid crystal based device, but the
crystals are able to be controlled individually on an array of millions of pixels
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Figure 2.5: Phase patterns displayed on the SLM to perform a measurement of
momentum that is conditional on the y position.

(1920 x 1200 for the SLM used in this thesis) — each a few microns across (8 pm
for the SLM used). These devices are constructed so that the fast axis of the
liquid crystals is orientated horizontally so that light polarized in this direc-
tion gains an additional phase, ¢. Typically, LCOS SLMs are used to impart
a phase pattern onto light polarized along this axis. This has applications in
beam shaping, steering and holography — often making use of blazed gratings
[92].

LCOS SLMs can also be used in zeroth order to control the polarization
state of light [93-96]. Since light polarized orthogonally to the SLM’s fast axis
will not experience any phase shift, the Jones matrix representation of the SLM

e 0
(9. o

This has the action of rotating the polarization around the |H)/|V') axis of

(pixel) will be:

the Bloch sphere and corresponds to the unitary:
U=t (2.94)

which is exactly the form required for Equation 2.86 when ¢ varies with y trans-
verse position. This should be easy to accomplish with an SLM since the value
of ¢ can be set for each pixel — allowing for the strength of the coupling (amount
of polarization rotation) to depend linearly on y position. This corresponds to a
linear phase gradient on the SLM as shown in Figure 2.5a. Alternatively the bi-
nary conditionality scheme theoretically discussed in Section 2.1.5 can be used,
that then requires the ‘split’ sliver shown in Figure 2.5b to be displayed on the
SLM.

An SLM was chosen to implement the second interaction due to its small
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pixel size (allowing for narrow slivers) and the ease to display gradients of any

strength at arbitrary positions.

2.2.4 Polarization Readout

The polarization state of the second pointer is to be readout. To measure (o),
the intensity (or counts) of diagonally, Ip, and anti-diagonally, 14, polarized

light is observed,
_Ip—1Ia

S e

This can be performed in two main ways — rotating a polarizer between the

(2.95)

|D) and |A) axes and taking a measurement; or using a polarizing beam splitter
(PBS) and a half waveplate.

Both of these approaches will be sensitive to imperfect zero phase for the
SLM regions outside the phase gradient sliver. This will mean that incoming
circular polarized light will experience a small polarization rotation and so the
diagonal and anti-diagonal intensities will no longer perfectly balance. This
is, at least to some degree, unavoidable — the discretized nature of the phase
applied by the SLM means, that on average, the closest to zero phase that can
be achieved (for a 10-bit SLM) is: ¢ = 2224 — 3mrad. This would result in

1024%2
a measurement of the diagonal polarization (c,) = 3 x 1073, Whilst small, the

signals we are expecting to measure are on a similar scale.

Even more troublesome, is that not every pixel on the SLM responds with
exactly the same phase — there is some variation between them. This will result
in an increase to this background signal. There are multiple ways to address
this issue. One approach would be to measure the polarization state with zero
phase displayed over the entire SLM and subtract this as a background. An
alternative approach is to find a way to keep the background intensity exactly
the same for measurements in both polarization bases, and to only vary the
signal we want to measure. This can be accomplished if, rather than measuring
in two bases, |D) and |A), measurements are only made in one basis and the sign
of g2 (the direction of the phase gradient sliver) is varied between measurements
to be subtracted instead.

This approach works since the change in Ip and I4 from the initial state are
equal in magnitude and opposite in sign. Hence, when the direction of rotation
is flipped, the new Ip will be equal to the measurement of 4 before the direction
was flipped. This will result in removing the ‘zero phase’ background mentioned
above. In addition, this approach enables the relatively fast switching between

two measurements, limited only by the switching speed of the SLM. This is
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significantly faster than rotating a polarizer between the D and A axes. This
also allows for the effect of slow fluctuations in laser intensity to not affect
measurements of the polarization state — since the two measurements needed
can be made on a timescale much shorter than the slow laser variation.
Compared to using a PBS and half waveplate, the switching gradient scheme
has the advantage of not requiring additional polarization optics (which will
not work optimally for the non-collimated beam found after the SLM) and only

requires one intensity readout.

2.2.5 Beam Initialization

The beam before the first measurement must be initialized into a state to be
measured. However, this state is only in the z-direction of the beam. The
y-direction must be a Gaussian profile (this is the first pointer state).

We also want to be able to perform high resolution measurements in the
z-direction. This requires that the beam is much wider in x than the width of
the glass sliver (which practically cannot be smaller than 1 mm since it must be
cut from a glass window). To satisfy this, the beam must be initialized to be
Gaussian in y and to be wide in x. Once a beam of this form has been created
then it will be fairly simple to add additional elements (such as phase jumps)

to modify the x wave function.

Creating a Wide Beam

There are 3 main ways to create a wide beam from a small symmetric collimated
Gaussian beam (the collimated output of a fiber coupled laser). One way is to
make use of cylindrical lenses in a telescope arrangement as shown in Figure 2.6
[3]. This causes the beam to be expanded in one direction by an amount equal
to the ratio of the two focal lengths of the lenses. However, cylindrical lenses
are more challenging to manufacture than equivalent spherical lenses [97] and
lower aberration doublet lenses are not widely available.

An alternative is to use anamorphic prism pairs [98] as shown in Figure 2.7.
These systems are, however, limited to relatively small magnifications (generally
less than 10).

Another option is not to expand an initial collimated beam, but rather to
create a diverging beam and then collimate it once it has reached the desired
width. One method to do this, is to make use of diffraction from a single slit.
The y profile of the beam is unchanged by a 1 dimensional slit. However, most
of the light from the initial beam is blocked by the slit.
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Figure 2.6: Two lenses arranged as a telescope to expand a collimated beam.
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Figure 2.7: A pair of prisms can be arranged to widen a beam by making use
of the fact that the width of a beam appears larger when a cross section is not
taken perpendicular to the direction of the beam.

It was decided to use a cylindrical lens telescope since this had the flexi-
bility of allowing large magnifications (and hence enabling a high resolution in
measurement of z) without the large loss of intensity due to passing through a

single slit.

2.2.6 Creating the Fourier Plane

To perform the conditional measurement of 7, we require access to the Fourier
plane. This can be done using a lens as described in Section 1.2.2. When
measuring the real part of the joint weak average, only the z-direction should
be Fourier transformed and so we require the use of a cylindrical lens. To
measure the imaginary part of the joint weak average, the Fourier plane must
correspond to momentum for both x and the first pointer y. This requires a
standard (spherical) lens.

The momentum, p,, (in the position measurement plane) corresponds to a

position, 7', in the Fourier plane:

J M, A

= = . 2.
o v 27rhpw (2.96)
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To get a high resolution in momentum measurements, we want the largest
possible 2’ for a given p,. This is accomplished by using a long focal length
lens which is also advantageous since aberrations are typically smaller for these
lenses. Since the beam is also wide, in order to achieve high resolution in x, this

is limited to a maximum f = 500 mm by part availability.

2.2.7 Experimental Design Summary

This section presents the experimental design for conducting conditional weak
measurements of position, 7,, and momentum, 7, projectors in an optical
system. The approach utilizes the transverse y position and polarization of
a photon as pointer states. The measurement scheme involves two sequential
interactions: a weak displacement in the y direction at a particular position, x,
using a glass sliver; followed by a polarization rotation at a specific momentum,
k, where the strength of the rotation is conditional on the y position, using a
liquid crystal spatial light modulator (SLM). This enables the readout of the
real part of the joint weak average of the position and momentum projectors,
Re [y 7tz], by measuring polarization in the diagonal basis.

Several technical considerations are addressed, including the phase due to
passing through the glass sliver, beam initialization, and using a switching gra-
dient scheme in the polarization readout to mitigate background signals and

fluctuations.

Key Findings

e The unitiaries required to perform a joint measurement of the position and
momentum projectors can be achieved with standard optical equipment.
(Section 2.2)

o The first measurement interaction uses a tilted glass sliver to displace pho-
tons in y at specific x positions, while the second interaction employs an
LCOS Spatial Light Modulator to implement polarization rotation depen-
dent on y position in the Fourier plane. (Section 2.2.2 and 2.2.3)

e A polarization readout technique involving switching the gradient direc-
tion rather than rotating measurement bases reduces the observed back-
ground. (Section 2.2.4)

e The beam is initialized to be a wide Gaussian by making use of a telescope
of cylindrical lenses. (Section 2.2.5)
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2.3 Simulation

This section presents the computational framework and results of simulations
designed to validate our optical setup for measuring joint weak averages of
position and momentum. We find a systematic artifact observed near zero
momentum and present a way to correct for this. We then examine the sim-
ulation results for various experimental configurations and compare them with
theoretical Kirkwood-Dirac distributions, demonstrating good agreement when
experimental resolution constraints are considered.

The section continues with comparisons between different measurement ap-
proaches — two versus one polarization readouts and linear versus binary con-
ditionality — confirming their equivalence. Finally, we introduce a simplified,
GPU-accelerated simulation method that significantly reduces computational
time while maintaining qualitative agreement with the full model, and ex-
plore how beam clipping and phase plates affect the observable features in the
Kirkwood-Dirac distribution.

Simulation of All Optical Components

Simulations of the optical components above were performed to confirm that the
proposed experiment would enable the measurement of the joint weak average of
x and p,. To perform these simulations, the Fourier optics approach introduced
in Section 1.2.2 was used. The code to perform these simulations are in a Jupyter
Notebook [99] that can be found at https://gitlab.com/tjbailey/phd-the
sis/-/blob/main/SimulationCode/FullExperimentSimulationNotebook.
ipynb.

This code was written in Python [100] and represents the electric field am-
plitude as a 2d complex NumPy array [101]. When polarization is important,
this becomes a 3d array — with each previous array element being replaced by
a Jones vector for that position in space.

Propagation in free space is performed using a Fourier optics approach —
with the Fourier transforms calculated using the Fast Fourier Transform [102].
These simulations do not make use of the Fresnel approximation (a type of

paraxial approximation) and use the full transfer function:
. . A2
H (kg ky, d) = e VI TREZR — omidy S =k =k (2.97)

for propagation by a distance d in the Z direction; k, and k, are the spatial

frequencies in the X and y directions; and k is the wavenumber [3].


https://gitlab.com/tjbailey/phd-thesis/-/blob/main/SimulationCode/FullExperimentSimulationNotebook.ipynb
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/SimulationCode/FullExperimentSimulationNotebook.ipynb
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/SimulationCode/FullExperimentSimulationNotebook.ipynb
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Figure 2.8: An example quadratic phase mask of a ‘normal’ (non cylindrical)
lens with a focal length of f = 500mm and for light with a wavelength of
810nm. The lens has a circular aperture of radius 25 mm and so the amplitude
transmission outside this region is zero (which cannot be clearly shown on a plot
of phase). The features seen along the horizontal centerline (y = 0) are due to
aliasing with the grid discretizing space.

This transfer function is applied to the Fourier transform of the electric field
amplitude of the wave:

E (ky,ky,z +d) = E (kg  ky, 2) X H (kg ky, d) . (1.35 revisited)

However, only beams of light with small transverse momenta were considered
and so the results we find should not differ from those that would have been
found if we had made the paraxial approximation.

Other optical elements (such as lenses or apertures) are applied as phase
and/or amplitude masks (an example for a lens is shown in Figure 2.8). The
small displacement from the tilted glass sliver was performed by displacing the
relevant columns of the 2d array by an appropriate amount (possibly with a
uniform phase shift).

Improved simulation speed was achieved using the Numba [103] (providing
very simple to implement just-in-time compilation that significantly increased
the speed of some functions) and Joblib [104] (to provide for parallel computa-
tion) packages. All visualizations were performed using Matplotlib [105].

The theoretical Kirwood-Dirac distributions were found by calculating the

density matrix of the photon position from the beam amplitude (using p(z;, ) =
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Figure 2.9: The simulated (o,) measurement for the optical arrangements to
measure the real and imaginary parts of the weak joint average. These simu-
lations are performed using parameters corresponding to the optical elements
outlined in Section 2.4. The key features are an extended positive region along
the vertical centerline (corresponding to the region of high intensity on the SLM)
and (in the measurement of the real part) fringes to either side.

Y(x;)Y(xk)*) and then calculating the Kirkwood-Dirac distribution,

D(x,p;) = e~ Pivi/h Z pla;, xp,)ePive/l (1.77 revisited)
k

Large Values at Zero Momentum

One reoccurring feature of the simulations is large measured values of (o)
around zero momentum. This can be seen in Figure 2.9 — especially clearly
in the imaginary component, although the effect also appears in the real part.
This is not expected for these joint weak measurements, as seen by the lack
of any such feature in the theoretical Kirkwood-Dirac distributions (such as
Figure 2.12).

This effect occurs regardless of the polarization readout scheme used (whether
measuring in two bases or one with a flipped conditional strength) and is seen
experimentally (as shown in Figure 2.34).

This feature is seen in the region of the beam with high intensity and is due
to the discretization of the y position into pixels. This means that the light
above and below the y = 0 level can never balance exactly and so there will
always be a ‘small offset’ in the output that will be proportional to the intensity
of the beam at that value of momentum. For regions of the beam far from zero
momentum this is negligible — the beam has very low intensity. However, for

the region of the beam near zero momentum the intensity is high and this ‘small
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Figure 2.10: The simulated (using the scheme of Section 2.3.1) (0,) measure-
ment for a Gaussian beam. (a) is for the best possible approximation of y = 0 for
the SLM pixel array and (b) is when the SLM pattern is shifted in the y direc-
tion by one pixel. Shifting the the SLM pattern by this small amount has a large
impact on the size of the measured polarization in the region of high intensity
(around zero momentum) showing the sensitivity to the choice of y = 0. The
change to the polarization measurement is independent of the x measurement,
depending only on the intensity of the light at a given momentum.

offset’ can become significantly larger than the desired signal itself.

Figure 2.10 shows the effect of this discretization (using the simplified sim-
ulation scheme outlined in Section 2.3.1). When the pattern displayed on the
SLM is shifted in the y direction by one pixel (8 um) all these value near zero
momentum are reduced by around 1.2 x 1074,

This effect is very simple to correct for. Since the joint weak value must be
equal to zero when the glass sliver is out of the beam — the values measured
at each momentum when the sliver is out of the beam are due to this y =
0 misalignment. These can then be subtracted from the rest of the data to
give ‘corrected’ data. Figure 2.11 shows an example of this correction for the
simulation of a Gaussian beam and all subsequent simulations results are shown

with this ‘correction’ applied.

Comparison to Theoretical Kirkwood-Dirac Distributions

The values found in the full optical simulation should correspond to the elements
of the Kirkwood-Dirac distribution (shown in Figure 2.12). While initially there
seems to be some fairly significant differences between the theoretical KD and
the simulated measurements, these are actually far smaller than they appear.

When the theoretical distribution is coarse grained, to have the same reso-
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Figure 2.11: The simulated (o, ) measurement for the optical arrangements to
measure the real and imaginary parts of the weak joint average. These simu-
lations are performed using parameters corresponding to the optical elements
outlined in Section 2.4. They have been ‘corrected’ by subtracting the values
found for = out of the beam from all values. The key features are an extended
nonzero region along the vertical centerline (p = 0), which is positive for the
real measurement and shows a two (positive) lobed structure for the imaginary
part. Both show fringes to either side of this central region.
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Figure 2.12: The theoretical Kirkwood-Dirac distribution for the ‘Gaussian’
beam considered by the simulation. This shows the same key features as the
experimental simulation of an extended nonzero region along the vertical cen-
terline (p = 0), which is positive for the real measurement and shows a two
(positive) lobed structure for the imaginary part. Both show fringes to either
side of this central region.
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Figure 2.13: The theoretical Kirkwood-Dirac distribution for the ‘Gaussian’
beam considered by the simulation coarse grained to the same sampling reso-
lution as is optically simulated. This shows a fringe pattern much more similar
to the simulated results, showing the difference is due to aliasing with the SLM
pixel size.

lution as the simulated experiment, (shown in Figure 2.13) they appear much
more similar. The comparison of the simulated experiment and coarse grained
theoretical KD distribution is shown in Figure 2.14.

The difference in the magnitude of the two distributions is not meaningful,
since the simulated results are showing a measure of the polarization state. To
go from the experimental results (whether simulated or physical) to the KD

distribution, a normalization needs to be applied.

Two vs. One Polarization Readouts

The simulation can also be used to confirm that measuring in only the diag-
onal basis and flipping the sign of the conditional interaction is equivalent to
measuring (o,). As shown in Figure 2.15, these two approaches give equivalent

results.

Linear vs. Binary Conditionality

The simulation can also be used to confirm that measuring with a binary condi-
tionality is equivalent to measuring with a linear one. As shown in Figure 2.16,
these two approaches give equivalent results — although the magnitude of the

signal with the binary conditionality is around ten times larger.
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Figure 2.14: The real parts of the theoretical Kirkwood-Dirac distribution and
the simulated experimental measurements for the ‘Gaussian’ beam of the ex-
periment. These are the plots from Figure 2.11a and Figure 2.13a reproduced
for ease of comparison.
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(a) (o) (b) Flipped sign of conditionality

Figure 2.15: For a Gaussian beam of the experiment with a 7 phase jump
across half the beam, the real parts of the simulated measurement of (c,) and
measurements made in only the diagonal basis with the sign of the conditionality
flipped are compared. These plots are with the x out of the beam subtraction
correction applied. Their similarity indicates that the two measurement schemes
give identical results.
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Figure 2.16: For a Gaussian beam of the experiment with a 7 phase jump
across half the beam, the real parts of the simulated measurement of (o) for
binary and linear conditionalities. These plots are with the x out of the beam
subtraction correction applied. Their similarity indicates that the two SLM
patterns give equivalent results, while the binary pattern results in an order of
magnitude larger signal.

2.3.1 Simplified and GPU Accelerated Simulation

The above simulation of all the optical elements in the setup is slow and uses
a large amount of memory. This makes it challenging to quickly iterate to see
the effect of changing experimental parameters.

The vast majority of the compute time is spent performing operations on
arrays — a class of operation which Graphical Processing Units (GPUs) are
designed to accelerate [106]. The CuPy package [107] provides a very simple
way to run the above code using a GPU with minimal modification.

To further reduce computational time, the simulation of all the optical el-
ements (the initial expansion telescope, finite width of Fourier transform lens
and waveplates) were no longer performed. Instead a Fourier transform was ap-
plied to the beam after the glass sliver — preventing simulation of misalignment
or other imperfections. The effect of the SLM could still be fully considered,
and while simplified, some experimental parameters (such as the phase due to
passing through the glass sliver) can also be studied. The script used to run
these simulations can be found at https://gitlab.com/tjbailey/phd-thesi
s/-/blob/main/SimulationCode/SimplifiedSimulationCupy.py.

Comparison to Full Simulation and Theory

The simplified simulation is able to give qualitatively similar results to the full
simulation used in the previous section. A comparison for the results of the

three modeling approaches for a Gaussian beam, with a 7 phase jump half way


https://gitlab.com/tjbailey/phd-thesis/-/blob/main/SimulationCode/SimplifiedSimulationCupy.py
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/SimulationCode/SimplifiedSimulationCupy.py
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Figure 2.17: The real and imaginary components of the joint weak average for
the two simulation schemes (simplified and full) and the theoretical KD distri-
bution. These simulations are performed for a Gaussian beam with a 7 phase
jump across half the beam. These plots are with the x out of the beam sub-
traction correction applied. All plots show a good agreement for the imaginary
part, with two positive lobes and fringes in each quadrant. However, there are
some noticeable differences for the real part, with the four lobed structure be-
ing much less clear in the simulations (partially due to the lower momentum
resolution of these plots). Some features are common though, such as fringes in
each quadrant and zero value along the horizontal centerline (position z = 0).
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(a) Infinite beam (b) Clipped beam

Figure 2.18: For a Gaussian beam of the width of the experiment, the imaginary
component of the joint weak average when the beam is infinite or ‘clipped’ to
the experimental width. These plots are with the x out of the beam subtraction
correction applied. When the beam is clipped we see fringes to either side of
the central pattern that are not present for an infinite beam.

across it, are shown in Figure 2.17.

Beam Clipping

For an infinite Gaussian, we would not expect to see fringes around the center.
However, when the beam has a finite width (as in the experiment’s case due to
the finite width of lenses), these fringes start to become apparent — as shown in
Figure 2.18.

All the simulations (except Figure 2.18a) where performed in the case of a

finite beam ‘clipped’ to a width of 50 mm.

Phase Plates

The KD distribution of a Gaussian beam is quite simple and narrow in mo-
mentum space. This limits how well we can expect the experiment to be able
to resolve interesting features. One experimentally simple way to create more
complicated features in the KD distribution is to apply a phase shift over one
half of the beam. Experimentally this can be done by placing a glass plate
(microscope slide) across one half of the beam.

Figure 2.17 shows the KD distributions for when this glass plate imparts
a phase of m. However, there are still effects even for smaller phases and Fig-
ure 2.19 shows the expected KD distributions when the phase is 7/8.
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Figure 2.19: The real and imaginary components of the joint weak average for
a Gaussian beam with a 7/8 phase jump across half the beam. These plots are
with the x out of the beam subtraction correction applied. This starts to look a
little like when a 7 phase jump is applied, as in Figure 2.17, with fringes in each
quadrant. However largely this distribution looks more similar to when there is
no phase jump.

2.3.2 Simulation Summary

The simulation results confirm that our optical setup can successfully measure
the joint weak average of position and momentum. Using a Fourier optics
approach, we demonstrated that the simulated measurements closely match
the theoretical Kirkwood-Dirac distributions when accounting for experimental
resolution constraints.

We also confirm: that measuring in a single diagonal basis with flipped
conditional interaction is equivalent to a full measurement of (G,); that bi-
nary conditionality produces results similar to linear conditionality but with
approximately ten times larger signal magnitude; and that beam clipping ef-
fects introduce a fringe pattern that should be possible to detect.

Our simulations also identified and addressed a systematic artifact in the
form of large measurement values around zero momentum, attributable to y-
position discretization into pixels. A simple correction method was developed
by subtracting reference values measured when the glass sliver is outside the
beam.

Additionally, a GPU-accelerated simplified simulation approach was imple-
mented, significantly improving simulation speed while preserving qualitative
agreement with both the full simulation and theoretical predictions. This mod-

eling work provides a solid foundation for interpreting experimental results and
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suggests that phase plates represent a promising method for creating more in-
teresting and experimentally resolvable features in the Kirkwood-Dirac distri-

bution.

Key Findings

e The simulations validate that the optical system designed in Section 2.2
is able to measure the joint weak average and that the simulations closely
match the theoretical Kirkwood-Dirac distributions (Section 2.3)

e The artifact of large values at zero momentum, arising from pixelation of
the y-position, were mitigated by subtracting measurements taken without
the glass sliver. (Section 2.3)

¢ A GPU-accelerated, simplified simulation offers a faster method to explore
parameters, maintaining qualitative accuracy despite reduced complexity.
(Section 2.3.1)

e Beam clipping and phase plates introduce fringes and other features that
should be resolvable. (Section 2.3.1)
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2.4 Experimental Setup

This section details the experimental apparatus and procedures developed to
perform conditional weak measurements of position and momentum. We begin
by describing the key optical components utilized, including the light source,
beam preparation elements, and measurement devices. The alignment proce-
dures required for these components are then outlined, followed by a detailed
discussion of the spatial light modulator calibration process. Finally, we analyze

the expected signal size and strategies to mitigate sources of noise.

Light Source

A narrow-linewidth fiber coupled diode laser (Thorlabs DBR808PN) was used
as the light source. The laser is driven at a constant 100mA by a Thorlabs
KLD101 - K-Cube Laser Diode Driver and its integrated thermoelectric cooler
is controlled by a Thorlabs TTCO001 - T-Cube TEC Controller.

This laser was chosen since it has a coherence length (~ 100 m) much longer
than the thickness of the glass sliver, which is needed so that light passing
through and around the sliver remain coherent. The laser is coupled to a single
mode fiber ensuring that the spatial profile of the beam is initialized as a single
mode Gaussian. The wavelength of 809 nm was chosen since this would enable
the use of a spontaneous parametric down conversion (SPDC) source pumped
as 405 nm as a light source. This would allow the experiment to be modified to

be performed with single photon light.

Initial Collimation Lens

After the fiber from the laser, the light is collimated with an aspheric lens
(Thorlabs C220TMD-B) with an effective focal length of 11 mm for 633 nm
light (or 11.1 mm for 809 nm light [108]).

Collimating light from a single mode optical fiber (Thorlabs 780HP) with a
mode field diameter (intensity at 1/e?) of ¢spor = (5.0 £ 0.5) pm with this lens
should give a beam with a radius [109]:

2\ f

r= = (1.14+ 0.12) mm. (2.98)
7T¢spot



https://www.thorlabs.com/thorproduct.cfm?partnumber=DBR808PN
https://www.thorlabs.com/thorproduct.cfm?partnumber=KLD101
https://www.thorlabs.com/thorproduct.cfm?partnumber=KLD101
https://www.thorlabs.com/thorproduct.cfm?partnumber=TTC001
https://www.thorlabs.com/thorproduct.cfm?partnumber=C220TMD-B
https://www.thorlabs.com/thorproduct.cfm?partnumber=780HP
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Figure 2.20: The experimental setup to perform a conditional weak measure-
ment of position and momentum. A 809 nm narrow-linewidth laser is used as
the light source. After passing through a single mode fiber, the light is colli-
mated by an aspheric lens with focal length 11 mm to create a Gaussian beam
profile. The beam then passes through a half waveplate (HWP) to align the
polarization of light after the fiber with the polarization axis of the subsequent
polarizing beam splitter (PBS). A non-polarizing beam splitter (NPBS) then
splits some light off to a photodiode (PD) so the laser’s intensity can be mon-
itored. After a mirror and another PBS (to ensure a high purity polarization
state), the beam passes through a quarter waveplate (QWP) aligned to create
circular polarization.

The light then passes through a telescope made from two cylindrical lenses
(focal lengths of 25 mm and 500 mm) to expand the beam in the x direction
by a factor of 20 (see Section 2.2.5). A glass sliver that performs the weak
measurement of x (see Section 2.2.2), and a 500 mm focal length cylindrical lens
is used to perform the Fourier transform (see Section 2.2.6). A reflective liquid
crystal on silicon spatial light modulator (LCOS SLM) is then placed in the
Fourier plane of this lens and is used to perform the conditional measurement
of momentum (see Section 2.2.3).

A lens then images the SLM onto a polarizer, aligned along the diagonal
axis, so that the horizontal and vertical components of the beam still overlap
correctly. The intensity is then measured with a final photodiode or camera.
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Polarization Initialization

The polarization state from the laser is largely linearly polarized. This is ro-
tated to match the axis of the optical table with a zero order half waveplate
(HWP), manufactured by Union Optics, before passing through a polarizing
beam splitter (PBS), manufactured by Foctek Photonics, to improve the polar-
ization purity.

To monitor the intensity of the laser, a non-polarizing beam splitter (NPBS)
is placed directly after the PBS and the intensity is monitored with a silicon
photodiode (Thorlabs PDA100A).

The beam is then reflected from a dielectric mirror (Thorlabs BB1-E03)
before passing through another PBS (to achieve a higher degree of polarization
and mitigate any possible impact of the NPBS and mirror on the polarization
state).

To create a circularly polarized beam, it then passes through a quarter wave-
plate (Meadowlark Optics NQM—-100-0809).

Beam Expansion

The width of the beam is expanded with a telescope of two cylindrical lenses.
The first has a 25 mm focal length (from Edmund Optics) and the second an
uncoated lens with a focal length of 500 mm and a width of 50.8 mm (Idex
Optical Technologies SCX-50.8-381.4-UV). The large width of the second lens
is required to enable a wide beam to be created — however, it significantly limits
the choice and focal length of available lenses.

These lenses result in a magnification in the x direction of 20 times, resulting
in a beam with a 1/e? width of around 22mm. However, the second lens only
has a width of 50.8 mm and so around 2% of the light will not be able to pass
though and the beam will be clipped.

Beam Displacement with Glass Sliver

The beam is displaced in a narrow range of x by an approximately 1 mm wide
glass sliver (with a length of 25 mm). This was cut out of a (1.0 +0.1) mm thick
fused silica window anti-reflection coated for wavelengths of 650 nm to 1050 nm
(Thorlabs WG41010R-B). This window has a transmitted wavefront error of
A/4 at 633 nm and a surface quality of 40-20 Scratch-Dig.

It is double-sided taped to a small kinematic mount (Thorlabs KMS) which
is at a 24° angle to the vertical due to an angle block (Thorlabs AM24C) as


https://www.unionoptics.com/pro_waveplate.html
https://www.foctek.net/Products/page-118-44.html
https://www.thorlabs.com/thorproduct.cfm?partnumber=PDA100A
https://www.thorlabs.com/thorproduct.cfm?partnumber=BB1-E03
https://www.meadowlark.com/shop/waveplates/precision-retarder-waveplate
https://www.edmundoptics.com/p/254-x-254mm-x-25mm-fl-nir-i-beam-shaping-cylinder-lens/32927/
https://www.idexot.com/cylindrical-lenses
https://www.idexot.com/cylindrical-lenses
https://www.thorlabs.com/thorproduct.cfm?partnumber=WG41010R-B
https://www.thorlabs.com/thorproduct.cfm?partnumber=KMS
https://www.thorlabs.com/thorproduct.cfm?partnumber=AM24C
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\

Figure 2.21: A photograph of the glass sliver mounted to a small kinematic
mount on an angled block.

shown in Figure 2.21. This is then on a translation stage (Thorlabs MTS50-Z8)

that allows the sliver to be translated over a range of 50 mm across the beam.

Fourier Transform Lens

To produce the Fourier plane of the glass sliver plane, a lens is used. To measure
the real part of the joint weak average, a wide cylindrical lens is required. An
uncoated lens with a focal length of 500 mm and a width of 50.8 mm (Idex
Optical Technologies SCX-50.8-381.4-UV) is used. For the imaginary part a

spherical (normal) lens is needed.

Spatial Light Modulator

A Santec SLM-200-02 was used as the spatial light modulator. It has a pixel
pitch of 8 um; is 10-bit (1024 grey levels); has a pixel response time of 200 ms;
and is anti-reflection coated for wavelengths of 750nm to 850 nm. The SLM
is placed at a small angle to the incident light so the reflected beam can be

measured.


https://www.thorlabs.com/thorproduct.cfm?partnumber=MTS50-Z8
https://www.idexot.com/cylindrical-lenses
https://www.idexot.com/cylindrical-lenses
https://www.santec.com/en/products/components/slm/slm-200/
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Polarization Readout and Camera

After reflecting off the SLM, the polarization of the light is measured. Since
the phase on the SLM only affects one component of the polarization (and so
can result in different diffraction or beam steering for the two polarizations),
the SLM is imaged onto a polarizer (Thorlabs LPVIS050-MP2) using a lens.
This polarizer is set so its axis is along the diagonal direction. The intensity
of the light is then measured either with a photodiode or a camera (Basler
acA2040-55um).

This camera had the glass coverslip on the image sensor removed by Pa-
cific X-ray to reduce interference inside the camera. This was especially use-
ful for various alignment and diagnostic steps. A 1mm thick glass window,
anti-reflection coated for 650 nm to 1050 nm, is then screwed into the camera’s
C-mount to prevent dust from hitting and potentially damaging the exposed
sensor. The threads of the C-mount adapter were coated in silicone grease to

reduce the chance of a small shard of metal flaking off and damaging the sensor.

2.4.1 Aligning the Setup

All of the optical components in the above section must be aligned, generally
either the separation between two elements or setting some rotation axis. This

section provides details on how these alignments were performed.

Collimating Initial Beam

To collimate the beam immediately after the fiber, the standard technique of
matching the beam width in the near and far field was used. To accurately
determine the width of the beam, a camera was used with a Python script that
can be found at https://gitlab.com/tjbailey/phd-thesis/~-/blob/main/
ExperimentCode/MeasureBeamWidth.py.

To align the telescope used to widen the beam is more challenging since the
beam afterwards is much larger. This means it is difficult to see changes in
size by eye. As well, the small section of the beam that fits in the camera’s
view is not very useful for giving an estimate of the beam width. It is also
challenging to get the beam to propagate for a significant distance due to space
constraints in the lab. In addition, since the beam is around 50 mm wide, we
do not have mirrors that are large enough to reflect it (due to needing a larger
diameter mirror when coming in at an incident angle). However, if this beam is

not perfectly collimated, it should not prevent the experiment from working —


https://www.thorlabs.com/thorproduct.cfm?partnumber=LPVIS050-MP2
https://docs.baslerweb.com/aca2040-55um
https://docs.baslerweb.com/aca2040-55um
https://www.pacificxray.com/
https://www.pacificxray.com/
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/MeasureBeamWidth.py
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/MeasureBeamWidth.py
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Figure 2.22: A photograph of the custom mount used to hold the large cylin-
drical lens.

it would just result in measuring the Kirkwood-Dirac distribution for a slightly

different state.

Roll Axis of Cylindrical Lenses

Since cylindrical lenses are not rotationally symmetric around their normal (roll)
direction, this must be aligned. To enable this, a kinematic platform mount
(Thorlabs KM200B) was used. For the large cylindrical lenses, custom mounts
were also constructed to reduce any potential strain on the lenses (shown in
Figure 2.22).

Aligning the roll axes can be done relatively straightforwardly by looking
at the beam near a focus. Figure 2.23 shows the beam when the roll axis is

misaligned. The beam should be horizontal when the roll axes are aligned.

Angle of Quarter Waveplate

To find the angle of the quarter waveplate (QWP) that results in circular polar-
ization, a linear polarizer was rotated after the QWP. The QWP angle was then
adjusted until the visibility (the difference between the peak and minimum in-

tensity after the polarizer) was minimized. For circular polarized light, half will


https://www.thorlabs.com/thorproduct.cfm?partnumber=KM200B
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Figure 2.23: A photograph of the beam near a focus when the roll axis of the
cylindrical lenses of the beam telescope are misaligned. The deviation from a
Gaussian shape highlights one challenge when working with cylindrical lenses.

propagate through a linear polarizer regardless of the angle of the polarizer’s

axis.

Adjusting the Phase of Glass Sliver

The phase of light passing through the sliver must be an integer number of 2w
of the light passing around the sliver (as discussed in Section 2.2.2). This can
be adjusted by changing the angle of the sliver by a small amount.

To be sensitive to the phase of the light passing through the sliver, a double
slit was used. When the sliver was offset from either slit, the normal sine squared
double slit interference pattern was seen. When the glass sliver is move behind
one of the slits, the position of the interference fringes move (since there is now
a phase difference between the light coming from each slit). By adjusting the
angle of the glass sliver until there is no shift in the position of the interference

pattern, the angle of zero relative phase shift can be determined.

Finding Focal Planes

The Fourier transform lens must be one focal length away from the glass sliver
and the SLM must then also be placed one focal length away. To attempt to

position these optical elements more accurately than would be possible by simply



72

Photodiode
f Mirror
| Tl
| V.|
NPBS Single Slit Lens

Figure 2.24: An autocollimation scheme to determine the focal plane of a lens.
Light is transmitted through a beam splitter and is incident on a narrow slit. It
then diffracts and is collimated by a lens when it is one focal length away. This
collimated light reflects from a mirror and is focused back on the narrow slit.
Reflected light is transmitted through the slit and some is then reflected by the
beam splitter. The intensity in this port of the beam splitter will be maximized
when the most reflected light can pass through the narrow slit. This will occur
when the lens is one focal length away from the slit.

measuring with a ruler, an autocollimation scheme was used. This scheme is
show in Figure 2.24.

By placing a slit at the location of the glass sliver, the lens can be adjusted
until the best position is found with the autocollimation scheme. Then light
can be sent backwards through the system, with a slit positioned roughly one
focal length after (now before) the Fourier transform lens. The position of this
slit one focal length away from the lens can be found and then the SLM can be

placed in this plane.

2.4.2 SLM Calibration

It was found that the SLM did not apply a phase linear to the grey level applied
and that there is some uniform phase applied at zero grey level. Hence it was
necessary to calibrate the behavior of the SLM before using it to apply phases.
In addition the phase offset for zero grey level would occasionally ‘jump’ (shown
in Figure 2.25) — requiring that the calibration be performed on a regular basis.
Further investigation into how the SLM transforms the polarization are found

in Appendix A.
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Figure 2.25: The relationship between SLM grey level and intensity for two
different days. The phase offset of the SLM occasionally ‘jumps’ to an entirely
different value.

Calibrating Phase Profile

To calibrate the SLM, we sent in circular polarized light and measured in the
diagonal basis. When the horizontal polarization component acquires a phase,
¢, the intensity measured in the diagonal basis will vary as:

= % (1+sing) . (2.99)

The grey levels of SLM do not correspond linearly to the phase applied. We
use a quintic polynomial to approximate the true relationship,

¢ =a+bG +cG? +dG* + eG* + G, (2.100)

where G is the grey level displayed on the SLM.

If the intensity is measured for a variety of grey levels, then the above func-
tions can be fitted to the observations (performed using the SciPy package [110])
as shown in Figure 2.26.

The Python script used to perform this calibration can be found at https:
//gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/Calib
rateSLM.py.


https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/CalibrateSLM.py
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/CalibrateSLM.py
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/CalibrateSLM.py
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Figure 2.26: The relationship between phase and SLM grey level can be found
by measuring the intensity of the diagonal component of polarization for a range
of test SLM grey levels when there is circular polarized light incident.

Spatial Phase Variation

The above calibration was performed assuming that every pixel on the SLM
applies the same phase for a given grey level. However, we do not actually
expect this to be the case — for instance spatial variation in the pixel phase
response was seen by Sit et al. while working on using an SLM for general
polarization transformations [96].

To check this, we directly imaged the SLM surface using a camera with a
polarizer aligned along the diagonal direction. The same phase relationship
fitting described above is then performed for every SLM pixel imaged. When
only the phase offset, a, is allowed to vary (so the shape of the phase response is
assumed the same for each pixel), we see the distribution shown in Figure 2.27.
This was done since there is a correlation between the a and b terms of the
phase relationship which seems likely to be an artifact of the fitting process
rather than representing actual variation between the pixels.

These measurements showed a variation in phase of around +0.4rad. How-
ever, these phase variations were not random and show the clear structure of
a series of fringe patterns. This suggests that some kind of interference effect
might be responsible — especially given the long coherence length of the laser
being used. The data was retaken with a handheld Oz optics FOSS-21-3S-
5/125-810-S-1 laser. This laser has a much shorter coherence length (much less
than a millimeter) and so it would be expected that interference from surfaces

separated by larger than this distance would be reduced. However, as shown in


https://www.ozoptics.com/ALLNEW_PDF/DTS0019.pdf
https://www.ozoptics.com/ALLNEW_PDF/DTS0019.pdf
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Figure 2.27: The phase offset, a, for the best fit for each pixel on the SLM
(the range limited by the area of the SLM imaged by the camera). All other
fit parameters were kept constant across all pixels. This shows that there is
significant spatial variation (of around +0.4rad) from the expected phase.

Figure 2.28, a very similar fringe pattern was seen. This suggests that if inter-
ference is responsible then the interfering planes are very close together. The
position of some fringes did shift — providing more evidence that this variation is
probably due to an interference effect and not entirely intrinsic to the behavior
of SLM pixels.

It may be possible to calibrate this phase variation in situ (which appears to
be required given the sensitivity to factors such as the light source) using a non
polarizing beam splitter (NPBS). However, it would be challenging to image a
sufficiently large area of the SLM. Alternatively if a pattern is displayed on the
SLM which has values that differ by much larger than 0.4rad then this pixel
phase response variation would be much less impactful. This is the case for
the binary scheme discussed in Section 2.1.5 where the two phases displayed
(m/2rad and —x/2rad) differ by 7rad.

Beam Position on the SLM

The location of the beam on the SLM is important to determine. The center of

the beam (when there is no glass sliver) set the y = 0 and k& = 0 positions. To

determine the center of the beam, a series of different approaches are used.
The first set make use of the fact that when the SLM displays a phase of
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Figure 2.28: The individual SLM pixel phase offset when measured with a
long coherence length distributed Bragg grating (DBR) and a shorter coherence
length handheld laser. The shift in the pattern depending on light source sug-
gests this is an interference effect rather than intrinsic to each pixel, though the
patterns persistence with a short coherence length lase indicates that if inter-
ference is responsible the reflecting planes must be very close together.

¢ = /2, the incident circular light is rotated to diagonal and will be fully trans-
mitted through the polarizer — making the SLM appear as a mirror. If instead a
phase of ¢ = 37/2 is applied, then the light is rotated to anti-diagonal and none
will transmit through the polarizer — making the SLM appear non-reflective. By
changing the section of the SLM that acts as a mirror and measuring the total
intensity, we can determine the intensity of the light incident on that portion
of the SLM.

This then allows us to apply different search patterns to the SLM. One
approach is to apply strips in the X and Y directions (an example is shown in
Figure 2.29). This allows us to effectively measure the cross section of the beam
in these two directions — with the maximum intensity being near the center of
the beam.

To get a more precise estimate of the beam location, a series of small square
patches can be displayed on the SLM (an example patch is shown in Figure 2.30).
This approach is only feasible to use over a small region since it scales quadrat-
ically with the resolution — making it inefficient to sample over the entire SLM
area. The intensity of light from all these patches can then be fitted with a two

dimensional Gaussian function. The results of this fit then gives an estimate for
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Figure 2.29: Example X and Y directed strips used to measure the cross sectional
intensity of the beam.
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Figure 2.30: An example square patch used to find the beam intensity at a
particular location.

the y and k position of the center of the beam.

Another approach to finding the y = 0 level is to apply a phase gradient
(or split phase) over the entire SLM. When the direction of this gradient is
reversed, the amount of light transmitted through the polarizer will change.
However, when the gradient is centered on y = 0, the situation is symmetric
and so should result in no change in measured intensity. By finding the location
where the gradient direction has no effect on intensity, y = 0 can be found.
This technique is more directly useful as the pattern is very similar to the one
used to perform the conditional measurement and hence is able to minimize the
measured background due to an error in y calibration.

The Python script used to locate the beam on the SLM can be found at
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode
/LocateBeamonSLM. py.


https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/LocateBeamonSLM.py
https://gitlab.com/tjbailey/phd-thesis/-/blob/main/ExperimentCode/LocateBeamonSLM.py

78

2.4.3 Expected Signal Size

Only a small portion of the beam is displaced by the glass sliver or hits the SLM
at the location of the momentum measurement. Therefore as a proportion of the
total beam, the contribution to the signal will be small. This effect is entirely
due to the resolution of the x and p momentum measurements — if projectors
covering a larger range of = or p are used then the signal is also larger.

To get a sense of the size of this effect, we can consider the maximal amount
of light passing through a 1 mm wide sliver of glass. For a beam with a width
of 20 mm, this will be a maximum of just less than 4% of the light. A similar
factor will occur for momentum measurements — which if we assume we can
resolve around 20 discrete momenta projectors — will be on the order of 10%.
Hence, we expect that, at most, only around 0.4% of the intensity of the beam
can ever contribute to this signal.

This is made even smaller when we consider that the measurement of the
position is weak. In the case of a subsequent binary measurement (where the
signal would be maximized), for a displacement of 0.14 mm and a beam with a
y width of 1 mm, the signal size is around 0.1. It would be significantly smaller
if the gradient scheme is used instead.

Together these factors imply that the experiment needs to be sensitive to
changes in intensity on the scale of 0.01%. This is certainly achievable, though
will require long integration times to average out fluctuations in laser power etc.

One way to reduce the effect of fluctuations is to rapidly switch the direction
of the applied polarization rotation. If this is done on a timescale faster than
some experimental fluctuations, then the experiment will not be sensitive to
them. Another way to reduce a source of noise is to continuously monitor the
laser power and to normalize the measured signal by this monitored intensity.

A lock-in amplification scheme was tested varying the strength of the applied
polarization rotation. However, due to the response time of the SLM this fre-
quency was limited to around 1 Hz and was unable to remove much noise. The
initial polarization state could be altered at a higher frequency (either using a
spinning wave plate, a liquid crystal or a Pockels cell) but it was determined that
amplification of this type was not required when using the binary conditional

scheme.
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2.4.4 Experimental Setup Summary

In this section, we have described the implementation of a conditional weak
measurement setup using an 809 nm narrow-linewidth laser, polarization optics,
cylindrical lenses, a glass sliver, and a spatial light modulator. The experimental
design required precise alignment of multiple optical components, particularly
the cylindrical lenses, and methods to achieve these alignments are presented.

The spatial light modulator’s non-linear phase response is calibrated and its
spatial phase variations are characterized. These calibration procedures were
essential due to occasional phase ‘jumps’ observed in the SLM behavior, neces-
sitating regular recalibration.

The expected signal size of approximately 0.01% of the total beam intensity
presents a significant experimental challenge. Various strategies to reduce noise

or increase the signal strength are considered.

Key Findings
o Methods to align various optical components are presented. (Section 2.4.1)

e The phase response of the spatial light modulator is characterized and the
beam position on the SLM is found. (Section 2.4.2)

e The expected signal strength and approaches to reduce noise are consid-
ered. (Section 2.4.3)
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2.5 Single Measurement Tests

Before attempting the conditional measurement, independent measurements of
position and momentum were attempted. This is done largely because the
signal strength of the conditional measurement is very small and so requires
long ‘integration times’ to reach low enough uncertainties. This can make any
required adjustments to the experiment very slow to perform. In addition, the
Kirkwood-Dirac distribution is much more complicated than either the position
or momentum marginal alone — and so the origin of any errors can be much

harder to interpret.

2.5.1 Weak Measurement of 7,

A weak measurement of 7, was performed without any momentum measurement
but using otherwise identical experimental configuration for the full conditional
measurement. The weak measurement is initially performed by coupling the =
projector to the y traverse position with the glass sliver. The polarization is
then rotated by an amount that depends on the y displacement using the SLM.
However, unlike in the conditional scheme, this rotation has no dependence on
momentum — implemented by applying a gradient over the entire SLM rather
than just a sliver. The polarization is then measured in the diagonal basis as
for the conditional scheme.

This polarization measurement should correspond to the probability to de-

tect a photon at a given x,
p(@) = [¥(@)?, (2.101)

which is equivalent to the intensity profile (up to a normalization). We ex-
pect to see a Gaussian with a full width at half maximum (FWHM) of around
20mm. Figure 2.31 shows two measurements of this profile — when measured
with a continuous phase gradient and with a binary phase split. Both find a
beam with roughly the width expected. However, the binary approach required
much less data to be averaged, as well as appearing to be closer to the shape
we would expect — demonstrating its significant advantages over the gradient

scheme initially proposed.

2.5.2 Measurement of 7,

A measurement of momentum is equivalent to measuring the position in the

Fourier plane. This can be done by displaying vertical ‘slivers’ of /2 phase on
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Figure 2.31: Measurements of x profile of the beam performed using the glass
sliver and the SLM to couple y displacement to polarization. Both measure-
ments plot the difference between the polarization measured in the diagonal
basis when the gradient/binary split flips sign. They both show a beam with
a width of around 20 mm though the measurement with the gradient approach
is much noisier and required significantly longer integration time, showing the
advantage of the binary approach to increase signal to the noise ratio.

the SLM (while the rest of the SLM displays —m/2 phase) as was done to find
the beam position in Section 2.4.2.

The results of this measurement is shown in Figure 2.32. The beam asym-
metry seen appears to be due to one edge of the beam being clipped by the
finite size of the lenses. For a Gaussian beam with the lenses used, we would
expect that the FWHM at the focus (which should be where the SLM is placed)
is only 8 um. This would correspond to only a single pixel on the SLM and so
we expect that we should see a very narrow peak. The much broader peak we
see here suggests that for this measurement the SLM has been placed in the

incorrect plane and is not actually at the focus.
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Figure 2.32: The observed intensity of diagonal polarization when a two pixel
wide ‘sliver’ is displayed at the SLM pixel value indicated. This is measuring a
the beam profile in the SLM plane. It appears significantly wider than expected,
potentially due to the SLM not being placed in the correct plane with respect
to the lens. The asymmetry may be due to the beam being clipped by the finite
width of the lenses used.

2.6 Joint Weak Measurement

2.6.1 Initial Conditional Measurements

Attempts to measure the joint weak averages using the conditional scheme ini-
tially resulted in peak values that showed a strong correlation in  and p (shown
in Figure 2.33). This distribution was entirely unexpected, however, subsequent
investigations with direct measurements using a camera showed that this was
due to the SLM being positioned far from the focal plane of the lens.

2.6.2 Measurements with Camera*

Due to challenges getting the conditional scheme to work, we investigated mea-
suring the joint weak average of the x and p projectors using a camera. The
weak measurement of 7, is performed using a glass sliver as before. However,
rather than coupling to the polarization, the y position is measured directly in
the Fourier plane using a camera.

For each x projector measurement (camera frame) the joint weak average is

then proportional to the weighted average y position for each momentum (z’

*This work was done in collaboration with Michael Weil. Data in this section was collected
by MW.
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Figure 2.33: The joint weak average for each x and p projector is found using
the binary split phase approach. The x = 0 row has been subtracted from all
columns to remove background effects that have no dependence on .

position on the camera),

(Fpta) ~ Y yI(p,y), (2.102)

where I(p,y) is the intensity measured at a camera pixel with height y and
which corresponds to momentum p.

When taking these measurements, some momenta have much higher val-
ues for all possible z (as shown in Figure 2.34). This is not expected for
the Kirkwood-Dirac distribution but was seen in simulations of the conditional
scheme (see Section 2.3). To correct for this (and for effects such as a small roll
angle between the camera and cylindrical lenses), the x = 0 measurement is set
as the zero value for all momenta.

The results of these measurements are seen in Figure 2.35a. These look
similar to the theoretical prediction of the Kirkwood-Dirac distribution (Fig-
ure 2.35b) but there are still some very significant differences (especially around

p=0).
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Figure 2.34: The joint weak average for x and p projectors found using a camera
before applying a correction for the part of the signal insensitive to x.
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Figure 2.35: The joint weak averages found with a camera compared to our
theoretical prediction. There are some similarities, such as the general shape
of the fringes, though others (such as the large negative values seen near p = 0

experimentally) differ significantly.
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Figure 2.36: The joint weak averages found with a camera after correcting the
roll axis. The comparison is much closer to the expected theoretical predication.

Correcting the Roll of the Camera

The camera’s roll axis is adjusted so the vertical direction of the pixels align
with the beam’s vertical direction.

In Figure 2.36a, the measured joint weak averages look far closer to the
expected theoretical distribution. When a glass slide is placed over approxi-
mately half of the beam (to impart a phase shift), we see the distribution in
Figure 2.36b. This shows many of the same features of the theoretical predic-
tion in Figure 2.17e for a 7 phase shift, such as 4 lobes and more complex fringe

structure.

2.6.3 Subsequent Conditional Measurements

When the SLM is placed in the same plane as the camera above, then very
similar measurements are achieved using the conditional binary scheme (shown
in Figure 2.39). These measurement are lower resolution in momentum (due to
the larger pixels of the SLM compared to the camera), but show very similar
features and are found by only reading out the polarization of the light with no
spatial resolution required at the detector. They have very similar qualitative
features to the theoretical KD distributions for the beams shown in Figure 2.37.
The estimates for the standard errors for these measurements are shown in
Figure 2.40.

For the case of a defocussed beam, as the amount of defocussing increases the
large positive vertical feature in the Kirkwood-Diract distribution tilts around

as shown in Figure 2.38.
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(d) Defocussed Gaussian beam measured
at momentum resolution of the SLM.

Figure 2.37: The real part of the theoretical Kirkwood-Dirac distribution for
the cases experimentally measured. They show good qualitative agreement with
the experimental measurements of the joint weak averages of position and mo-
mentum projectors made with both the camera and conditional scheme using
the SLM. (d) is the same as (c) except that the plot limits momentum resolution
to be similar to that imposed by the finite size of SLM pixels. This indicates
that the shape we see experimentally is due to aliasing between the fringes and

momentum resolution.
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(b) Lens misaligned 10 mm.

Figure 2.38: The real part of the theoretical Kirkwood-Dirac distribution two
defocussed beams. The additional distance that the second lens has compared
to when the beam expansion telescope produces a collimated beam is labeled.
We see that as the amount of defocussing increases the large positive vertical
feature in the Kirkwood-Diract distribution tilts around.
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Figure 2.39: The real joint weak averages found using a SLM to perform the
conditional scheme. They compare well to measurements of the joint weak
averages found using a camera and reading out two pointers and have very
similar qualitative features to the theoretical plots.
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Figure 2.40: The estimates for the standard errors in the real joint weak averages
found when using a SLM to perform the conditional scheme.
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2.6.4 Joint Weak Measurement Summary

In this section, we implement a conditional joint weak measurement of the
position and momentum projectors by first weakly displacing the beam in y at
a chosen = using a tilted glass sliver, then rotating the polarization at a chosen
p, with a strength that depends on y via a spatial light modulator (SLM).
Reading the polarization in the diagonal basis directly yields Re [(7,5)].
After performing tests with a non-conditional approach, we observed qualita-
tive agreement between the theoretical Kirkwood-Dirac distributions for three
different input states (truncated Gaussian, truncated Gaussian with a phase
step, and a focused Gaussian) and the conditionally measured joint weak aver-
ages. The experimental measurements agree in overall structure (e.g. number

of bright lobes) as well as the structure of the fringes.

Key Findings

¢ A non-conditional approach directly imaging the beam in the Fourier plane
with a camera enabled making the experimental adjustments required.
(Section 2.6.2)

e The joint weak averages of position and momentum projectors qualita-
tively agree with the theoretical Kirkwood-Dirac distributions for 3 dif-
ferent states. (Section 2.6.3)

2.7 Future Direction

This experiment is still ongoing. We will continue to troubleshoot issues using
the camera measurements and suspect that there may still be misalignment to
the correct position and momentum planes.

We will also attempt to perform measurements of the imaginary component
of the joint weak average. This requires the use of a spherical lens, for which
there is far greater choice. This will enable the use of a higher quality lens
(eg. a doublet lens) and a longer focal length (enabling greater resolution in the
momentum plane). It was initially expected that the signal for the imaginary
component of a Gaussian would be smaller than for the real component (hence
the real part was attempted to be measured first) but this appears to be much
less significant when there are phase jumps across the beam or the beam is

clipped.
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Chapter 3

Optical Nonlinear Weak

Measurements

The use of optical nonlinearities to measure an observable of light would have
a number of advantages over current techniques. By enabling the use of an
external quantum system as the pointer state, non-demolition measurements
would be possible. It would also make all the other degrees of freedom of light
available for purposes other than measurement. It is potentially possible that
the nonlinear interaction would enable measurement of observables that are not
directly available with standard techniques.

Nonlinear interactions are typically very weak [8], unless there are high in-
tensities or very particular arrangements [7]. This makes weak measurement
a natural formalism to consider, as the interaction strength between the sys-
tems and pointer will be inherently weak. In this context, the ability to use
an independent quantum system as the pointer is of particular interest — since
most demonstrations of weak value amplification have used internal degrees of
freedom and can be explained with classical optics [26].

Previous work has looked at specific cases where a nonlinear interaction
can be used for measurement: the cross-Kerr effect to measure photon number
[26, 111, 112] (considered in more detail in Section 3.3.1), parametric down-
conversion using two pointers to measure field quadratures [113] (presented in
Section 3.1.5) and using two pump fields of different frequency [114] (presented
in Section 3.1.6).

In this chapter, we shall consider how a range of optical nonlinearities can

be used to perform quantum measurements. In Section 3.1, the von Neumann
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formalism of measurement is used and it is shown that only the Kerr effect will
lead to a practical measurement of this type without additional linear elements.
We also present the work of Yurke [114] and Braunstein [115] showing how
the measurement operation is a Gaussian process that can be decomposed into
single mode squeezers and linear processes.

In Section 3.2, the more general framework for quantum measurement of
positive operator-valued measures (POVMs) is used. We consider a x(?) inter-
action for a range of different initial pointer states (number and coherent) and
readout bases (number, quadrature). We find that measurements of this type
can provide information about the quadratures of a quantum state.

Finally in Section 3.3, we consider the impact of postselecting the measured
system into a known final state for both von Neumann and POVM style mea-
surements. This can lead to weak value amplification and we show how weak

values affect the probabilities of the measurement outcomes for a POVM.

3.0.1 Contributions and Novelty

In this chapter, I demonstrate that for a single y(?) or x® nonlinearity without
other elements, and no additional interactions, the only available von Neumann
type measurement is photon number via the Kerr effect (Section 3.1). Next, I
built upon existing work by extending Yurke’s two-pump measurement scheme
to the x(® domain (Section 3.1.6) and reframing the Bloch-Messiah decompo-
sition as a measurement interaction (Section 3.1.7).

Moving to a more general framework, I then explicitly derive the Positive
Operator-Valued Measures (POVMs) for a variety of x(?) scenarios (Section 3.2),
considering different pointer initializations and readout bases (number, coher-
ent, and quadrature). This analysis culminates in a novel proposal showing that
a coherent pointer and intensity readout can be used to measure field quadra-
tures when the pointer is at the fundamental frequency (Section 3.2.4).

Finally, the chapter explores postselection — presenting a new analysis of Kerr
effect measurements postselected on infinitely squeezed states (Section 3.3.1)
and considering the outcome probabilities of postselected POVMs (Section 3.3.2).
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3.1 Von Neumann Approach

In this section, we explore the feasibility of implementing von Neumann weak
measurements in optical systems by examining different optical nonlinearities.
We analyze various measurable properties of light — including phase, photon
number, field quadratures, and polarization — to identify which can serve ef-
fectively as pointer observables in the von Neumann measurement paradigm.
Our investigation reveals significant constraints on viable interactions, with
only select nonlinear processes (primarily variations of the Kerr effect) satis-
fying the necessary form of coupling between system observables and pointer
variables. While these processes enable measurements of photon number, we
find fundamental limitations for measuring other observables, particularly field

quadratures, due to energy conservation requirements.

3.1.1 Weak von Neumann Measurements

Typically weak measurements are considered in the formalism of von Neumann
measurements where a system couples to a pointer (Section 1.1.1). This coupling
is given by the unitary:

U = e~ 190/h (1.3 revisited)

The interaction that leads to this unitary will have a Hamiltonian of the
form [18, 21]:

H =gv(t)pO, (3.1)

where ~(t) is a normalized function with compact support near the time of
measurement.

This relationship arises since the unitary that provides a solution to the

Schrédinger equation is [20]:

—q t ~
Ult, to) = exp (Z/ H(t’)dt’) . (3.2)
hoJi,
When substituting in the measurement Hamiltonian and v(¢) is a normalized

function with compact support near the time of measurement (and p and O are

time independent), the expression simplifies to:

O(t, o) = exp (;Ligﬁé /t:v(t’)dt’) — exp (;gﬁ(}) . (3.3)
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To enable a von Neumann measurement, the interaction that couples the
system and pointer together must be described by a Hamiltonian of this form
— i.e. the Hamiltonian will need to have the conjugate momentum of a pointer

observable as a factor.

3.1.2 Observables of Light

Since the pointer is a state of light, we can consider each property that can be
experimentally observed and their conjugate momenta. This determines if any
optical nonlinearities have a Hamiltonian of a useful form. A list of possible
experimentally observable properties of a light beam is given in Table 3.1.

Experimentally Measured Quantity Conjugate Momenta
Phase Photon Number [35]
Photon Number (Intensity) Phase
Field Quadrature (X) Field Quadrature (V) [41]
Polarization () Polarization (¢, or ¢.) [16]
Frequency Time [3]
Transverse Position Transverse Momentum

Table 3.1: A table indicating the different properties of a light beam that can
be experimentally observed and the conjugate momenta of each.

3.1.3 Phase

Optical phase is not well defined for many quantum systems [35]. However, it
is for a coherent state. This is also the experimentally simplest state to use as
the pointer and so is highly practical. The conjugate momenta of the phase
observable is the photon number operator and so a nonlinear Hamiltonian of
the form:

H = gy(t)On = gy(t)Odta, (3.4)
would measure the observable O.

No second-order nonlinear optical process is able to have a Hamiltonian
of this form, since every term of the Hamiltonian must leave the energy of
the system unchanged. Since the second-order nonlinear process interaction
Hamiltonian (given in Equation 1.61) is trilinear, a term with both raising
and lowering operators corresponding to the same frequency can only leave

the energy unchanged if the third operator corresponds to zero frequency. This
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Figure 3.1: Energy level diagram corresponding to a x*) interaction given in
the first term of Equation 3.6.

is in fact the Hamiltonian for the Pockels effect (considered in Section 3.1.8),
but this third mode is no longer considered to be optical.
However, the Hamiltonian in Equation 3.4 matches that of the cross-Kerr
effect:
H = hrighy = hea'ab'h. (3.5)

This interaction would enable the measurement of the number operator, 7,
of a quantum system, as previously proposed and demonstrated by Steinberg’s
research group [26, 111, 112].

No other third-order optical nonlinear processes are able to have a Hamil-
tonian of the correct form, for similar energy conservation reasons as why no

second-order process is able to.

Measuring a Quadrature with x(*

For a x) interaction, it is possible to have a Hamiltonian with the following

terms:

H = ry(aa’bTble + aatbbel) (3.6)

where the frequency of the modes b and ¢ are related by: w. = 2w,. This
corresponds to an interaction given by the energy level diagram in Figure 3.1.

If the parametric approximation is made for mode b, then b— B:
H = ra(aa’p2e + aatp2el). (3.7)

If 8 is real then:
H = raflaat (e + &) = 26420, X, . (3.8)
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This is the Hamiltonian that would result in measuring a quadrature of ¢, if the
phase of the pointer «a is readout.

If the argument of § is 7/4 then the Hamiltonian becomes:
H =irgB2aa (¢F — &) = 264820, Y, (3.9)

which would read out the other quadrature of the field c.
However, it is highly unlikely that this interaction would be useful. Not
only are the values of x*) very small, but the phase of mode « is likely to be

dominated by other stronger nonlinear processes, such as the cross-Kerr effect.

3.1.4 Photon Number

Using photon number as the readout observable for the pointer system has the
issue that the conjugate momenta — which would be phase — is not well defined
[35]. Since there is no well defined phase operator, it cannot be a factor of any
nonlinear interaction Hamiltonian.

However, approximate operators can be defined, for example the Susskind
and Glogower operator [43] (which is very similar to the Barnett and Pegg
operators [42, 116]):

aézz;mxn+u. (3.10)

A unitary of the form U = 1909/ would allow a von Neumann style mea-
surement by measuring 7 of the pointer. However, it is not simple to express
the Hamiltonian that would give this unitary in terms of creation and annihila-
tion operators. In addition, doing so would not have the form of the nonlinear
interaction Hamiltonians considered in Section 1.3.5.

Bernardo [117] has shown the average and variance of photon number can be
used to perform a weak measurement. The Hamiltonian considered in that work
had the form H = gOﬁ, exactly the form that was considered in Section 3.1.3
of this thesis. However, rather than measuring the phase, the weak value was

obtained from the photon statistics.

3.1.5 Field Quadratures

The quadrature of a field can be measured by homodyne detection [3] and the

conjugate momenta is the other field quadrature. In terms of lowering and
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raising operators, the field quadratures are given by:

X, =L@t +a), (3.11a)

N

Y, =i —a). (3.11b)
An interaction Hamiltonian that allows for a weak measurement to be per-

formed by measuring a field quadrature must then have the form:

Hx = gY,0 = ig(a’ —a)0, (3.12a)

or

Hy = 9X,0 = Lg(a' +a)0. (3.12D)

However, there cannot be any parametric nonlinear interaction with this
form. Each term of the Hamiltonian needs to correspond to an energy level dia-
gram that conserves the energy across the different optical modes. This means
every creation operator must be paired with annihilation operators correspond-
ing to photons with the same total energy, and the reverse for annihilation
operators. For example, the Hamiltonian describing the process of second har-

monic generation is:

H =k (a%¢" +al%e) , (3.13)

where the second harmonic mode, ¢, has a frequency twice that of the funda-
mental mode, a, and so each photon in the second harmonic mode has twice the
energy of each photon in the fundamental mode. For each term in the Hamilto-
nian to correspond to an energy level diagram, shown in Figure 3.2, one raising
operator of the second harmonic mode, ¢ must be paired with two lowering
operators of the fundamental, a> (or the reverse).

This is not possible to do for the Hamiltonian given in Equation 3.12 as O
cannot have the correct form to conserve energy for both the @ and a' terms.
A standard von Neumann measurement, reading the quadrature of an optical
field as the pointer ‘position’, cannot be performed using a parametric nonlinear

process.

Optomechanics

One place where a Hamiltonian of this form does appear is in optomechanics —

where there is a coupling between a mechanical membrane and an optical field
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Figure 3.2: Energy level diagrams for the two terms in the Hamiltonian used to
describe the process of second harmonic generation (Equation 3.13)

Zq

Membrane

Figure 3.3: A diagram showing a mechanical membrane in an optical cavity.
The position of the membrane is given by the operator &, and the number of
photons in the cavity by 7, = bTb.

[118] (shown in Figure 3.3). The Hamiltonian of this system is given by:
H = r(al + a)bTh = k2, b'b, (3.14)

where b is for the optical mode and a is for the membrane vibrational mode. In
an optomechanical system, this enables the momentum of the membrane to be
used as a pointer to observe the number of photons in the optical mode.
However, translating this Hamiltonian to be purely optical is not obvious.
The origin of a Hamiltonian of this form is due to the position dependent fre-
quency of light in the cavity. The Hamiltonian for the optical mode is given by
[118]:
H = rw()b'h. (3.15)
When Taylor expanded to first order, this then gives the Hamiltonian of the

form considered above.

N d
’Hn(wo+iw
dz

n an d n
) b'h = kwobth + k2| (af +a)bTh (3.16)

z=0 dx lz=0
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For the same Hamiltonian to be generated by an equivalent nonlinear optical
process, the frequency of one mode would need to depend on a quadrature of
the other.

The frequency of the light can be shifted if there is a time varying refractive
index — as could be created with the Pockels effect. The amount that the
frequency changes would depend on the time properties of the refractive index
change and would be proportional to the rate of change of the electric field.
However, to create a frequency shift of the same type as in an optomechanical
cavity, the electric field would need to be varying in time significantly slower
than the pointer frequency. This is very similar to case of electro-optic sampling
considered in Section 3.1.8 (though leading to a phase rather than polarization

change).

Using Two Pointers

Wu and Zukowski [113] propose a scheme where reading the quadrature of an
optical pointer state, in combination with an optical nonlinear interaction, does
allow weak values to be measured. They consider the case of parametric down-
conversion — a x(?) process where the pump is treated as classical using the
parametric approximation. This gives an interaction Hamiltonian:

H=r (dB + d*iﬂ) _ (Xaf(b - f/affb) . (3.17)

After post-selection, this interaction shifts the pointer ‘position’, X,, by an

amount:

60X, = 4kIm(Xpy ) Var(X,) — sRe(Vay)

. A ) ) (3.18)
— 2kIm (Yo ) ({Xa — (Xo). Yo — (Ya) 1),

where X3, and Y, are the weak values of the corresponding observables and
{%, 9} is the anticommutator of & and y. There is a similar expression for the
shift in Y.

By considering two pointers with different variances in Xa, and assuming
that the pointers are in Gaussian states, Wu and Zukowski are able to find

expressions for the weak values of X, and V. For example:

Re(wa> — lvar(f/lﬁ)(syal - Var(Ya1)5Ya2 .

} Y (3.19)
K Var(Yy,1) — Var(Yys2)

Whilst making use of the von Neumann formalism of measurement, these
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results clearly are not a typical von Neumann measurement. They require two
quantum optical pointer states with different amounts of squeezing and directly

make use of the uncertainty in their initial quadrature ‘position’.

3.1.6 Two Pump Scheme*

Whilst it is not possible for a single parametric process to have a Hamiltonian
of the form given in Equation 3.12, this is not the case if multiple processes
occur simultaneously. First proposed by Yurke [114], a x? medium is able
to perform an interaction of the correct form when pumped at the sum and
difference frequencies of the system and pointer. Below, we derive this result
using the same formalism as elsewhere in this section.

We can consider the case of four frequencies interacting in a x(?) medium,

where w, = w, + wp and wy = w, + we (shown in Figures 3.4 and 3.5).

(o)

Adapted from a figure created by alchemist. This figure is licensed under CC BY-SA 4.0
Figure 3.4: Energy level diagrams for the two simultaneous nonlinear processes

occurring in the two pump scheme.

The Hamiltonians for the two interactions are given by:
Ty = ki (déé* +atht c) , (3.20a)

and

Ho = s (a&i* +atef d) (3.20b)

*This work was done in collaboration with Kyle Jordan. KJ proposed that a two pump
scheme would give a Hamiltonian of the correct form for a x®) process, the full details for
this and extension to x(2) was done by Thomas Bailey.


https://tex.stackexchange.com/a/672759
https://creativecommons.org/licenses/by-sa/4.0/

101

Y,
[¥)e ‘
18)s
|6)a
H = n(abel +alfble)
P)a

Figure 3.5: A schematic showing the modes interacting for a two pump von
Neumann measurement. The state in mode ¢ is measured by reading out the Y
quadrature of the pointer mode a. Modes b and d are classical pumps.

If modes b and d are pumped with coherent light (with amplitudes 5 and 9),

such that the parametric approximation can be made, the Hamiltonians become:

Hy = w1 (Bact + prate) , (3.21a)

and
Ho = ko (aé + da'el) . (3.21b)

The total interaction Hamiltonian is given as the sum of these two Hamiltonians,
Hr = a (k1Be" + k26%¢) + al (k1B7¢ + kodeT) (3.22)

If the pump amplitudes are chosen such that k18 = k90 = g, then the total
interaction Hamiltonian becomes:

Hr = (a+a') (9¢f + g7¢) | (3.23)

Hr = 2X, (9¢' + g%¢) = 4X,Re [g¢'] . (3.24)

This has exactly the form of Equation 3.12, where the Y quadrature of the
pointer in mode a is readout to give the observable O = 4Re [géT] (a quadrature
of mode ¢). The X quadrature of mode a could have been readout instead if
k1B = —kKkod =g.

In practice this approach is likely to be challenging to perform, requiring:
setting the amplitude of the two pumps such that the interaction strength of
two nonlinear interactions are the same; phase stability between the two pumps;
four different frequencies (which will cover a frequency range spanning at least
1.5 octaves); and the challenge of achieving sufficient phase matching for both

processes simultaneously.
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Extending beyond the result of Yurke, a similar scheme is possible using a
x®) nonlinearity. This enables the measurement of observables of the two mode
operator,

O = (g*aé n gd*éf) — 2Re {gafzﬂ . (3.25)

This could be useful either to measure the joint value of two operators on
different optical modes or, if mode b is pumped with coherent light, enabling

the use of a centrosymmetric nonlinear medium to measure field quadrature.

3.1.7 Combining Linear and Nonlinear Elements

It is possible to consider a more general case where there is an arbitrary lin-
ear unitary before and after the nonlinear element. In this expanded space of
possible operators, it is possible to find unitaries of the correct form to per-
form a von Neumann measurement. Yurke [114]; La Porta, Slusher and Yurke
[119]; Braunstein [115]; and Salykina, Liamin, Sharapova and Khalil [120] have
proposed schemes to measure field quadratures using a x(? nonlinearity.

One way to explore these schemes is to consider the measurement operator
in terms of Gaussian optics, as was done by Braunstein [115]. This enables
finding the approach proposed by Yurke [114] (using two single mode squeezers
of inverse strength) as well as an alternative configuration with two squeezers of

identical strength. These schemes have the configuration shown in Figure 3.6.

Xq

Squeezer, r/—r

>

T1 T2

b Squeezer, —r

Figure 3.6: A von Neumann measurement of quadrature can be achieved by us-
ing linear elements (beam splitters) and single mode squeezers. The quadrature
of mode b is measured and the quadrature of pointer a is readout with homodyne
detection. Arrangements with squeezers of equal squeezing or inverse squeezing
strength (r) [114] enable this scheme — with different linear transformations re-
quired for each configuration.
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Bloch-Messiah Decomposition

A unitary operator generated by a Hamiltonian which is at most quadratic in
the raising and lowering operators, is a Gaussian operation [55, 121]. Since
the von Neumann interaction unitary can be of this form, the formalism of
Gaussian states and operators (introduced in Section 1.5) is useful as it allows
the interaction to be decomposed into passive and single mode active operations.

We can consider when the measurement Hamiltonian is of the form:

H=gV,0. (3.26)

This would displace the X quadrature of the pointer (mode a) to measure
O. When O is linear in terms of raising/lowering operators (or quadrature
operators), the entire Hamiltonian is quadratic and the Gaussian formalism can
be applied.

The symplectic operator corresponding to this interaction is given by [57]:
S = (1.83 revisited)

where () is the block matrix:

Q= 0 1 . (1.84 revisited)
-1 0

The Hamiltonian used to measure an arbitrary quadrature operator (O =
aXy + BYr),

7:[ = gffa (Osz + 5?[;) s (3.27)
has a H matrix:
0 0 0 0
|0 0 9 0 (3.28)
0 gao 0 gpB
0 0 g8 O

This then gives the symplectic matrix:

1 g« 0 gp
1
s—1° 950 (3.29)
0 0 1 0
0 0 —ga 1

For simplicity, we will consider the case where we are measuring the X quadra-
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ture of the system (o = 1 and 8 = 0), though all procedures will hold in the
more general case.
This symplectic matrix can then be expressed as the product of three ma-

tricies by the Bloch-Messiah decomposition,
S=01D0y, (3.30)

where O; and Oy are orthogonal matrices corresponding to passive transforma-
tions (beam splitters and phase shifters) and D is a diagonal matrix representing
single mode squeezers.

In principle, this can be done with a singular value decomposition. However,
when there are degenerate singular values, the matrices are not uniquely defined

and the orthogonal matrices may not have the expected form of Equation 3.35.

Two Identical Squeezers

One possible Bloch-Messiah decomposition is when the two modes have identical
squeezers. The decomposition of the symplectic matrix corresponding to the

measurement of X is then:

]

Vi O Vira?
1 —a
0 0 =
0, = 18a2 . . vlg‘ﬂ , (3.31a)
VitaZ  Vita?
0 a L 0
1+a? 1+a?
a 0 0 0
D= 8 g (_)1 8 , (3.31b)
a
00 0 at
1 a
T vier 0 0
0 0 —a 1
Oz=| | 0 R (3.31c)
VitaZ  Vita?
a —1 0 0

where:

9+ Vg +d (3.32)

a:f.

The matrix D corresponds to two identical single mode squeezers with
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strength [55, 121]:

VgZ+4
r:—ma:—m<g+if+>. (3.33)
Given that the parameter, a, describes the amount of squeezing, it is useful to
consider the strength of the measurement achieved with these squeezers,

a?—1

g=—" (3.34)

For no squeezing (a = 1), the measurement strength is 0. As the squeezing
is increased (corresponding to a < 1), the effective measurement interaction
strength increases.

The unitary that leads to the orthogonal matrix, O, is given by the rectan-

gular decomposition [36, 55] where:
A -B
0= , 3.35
() 53

U=A+iB. (3.36)

and,

For two modes, any passive transformation can be expressed as a generalized
beam splitter [122]:

- g [ cos Peidr sin fe'®r (3.37)
T=e —sinfe" e cosfe 0T |’ '

where 6 describes the magnitude of the beam splitter, ¢q is a global phase, ¢,
is the phase difference between the two transmitted beams and ¢, is the phase
difference between the reflected beams.

For the transformation O1, the unitary is:

4= ((30891 —251n91> 7 (3.38)

sinf; icosb;

where:
a 1

Vita® \/1++ .
9% +9v/ g7 +4+2

These beam splitter parameters are: ¢g1 = 7, ¢r1 = 7+, and ¢p1 = %’r.

cosfy = (3.39)
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For the transformation Os, the unitary is:

g = <00592 sin 6 ) ’ (3.40)

isinfly —icos by

where:

cosfy =sinf; =

1 2
= . 3.41
ita %ugmw .

These beam splitter parameters are: ¢oz = 4, ¢r2 = 7, and ¢p2 = 7.

Two Inverse Squeezers

Another possible Bloch-Messiah decomposition is when the squeezers have in-
verse squeezing strength. This is exactly the case proposed by Yurke [114]. The
decomposition of the symplectic matrix corresponding to the measurement of
X is then:

a - 0 0
V1+a? V1+a?
1 _ a _ 0 0
01 = 130‘ 130‘ o 1 s (3423)
\/11i-7 V1+a?
0 0 T Vi
a 0 0 0
—1
D= 8 ao (_)1 8 , (3.42D)
a
0 0 0 a
1 a
1+a? V1+a? 0 0
—a _ 1 _ 0 0
Oy = 16”1 16”1 1 “ , (3.420)
1+a2  V1+a2
0 0 ;aQ 1
+a Vi+a?
where:
244
«— % . (3.43)

The matrix D corresponds to two single mode squeezers with strengths in-
verse of each other:

\/ g%+ 4
r = +lna = +In (g—&-2g+> . (3.44)
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For the transformation Oy, the unitary is:

4= ( cos 6 sm91> , (3.45)

—sinf; cosby

where:
a 1

Vita® \/1 y—2z2
9249/ 92 +4+2

For the transformation Os, the unitary is:

g = ( cos 0 s1n91> 7 (3.47)

—sinf; cosby

cosf = (3.46)

These are the same beam splitter amplitudes found by Yurke [114].

Use of Block-Messiah Decomposition for Measurement

This approach would enable the measurement of a quadrature operator of one
mode, by reading out the quadrature of the pointer. Unlike the other schemes
considered in this thesis, the two modes do not directly interact in a nonlinear
interaction — instead passing through a beam splitter and then both modes
experiencing identical (or inverse) single mode squeezers.

To perform this experimentally would need precise control of the amplitudes
of two variable beam splitters to correctly match the strength of the single
mode squeezers. When using standard beam splitters, the frequency of the two
modes would need to be the same. Whilst making the experiment simpler,
it also reduces the possible advantages to this scheme (although it would still
enable a non-demolition measurement of quadrature). To use modes of different
frequencies would require a ‘frequency beam splitter’ [123, 124] to superpose
these modes.

Other approaches combining linear and nonlinear elements can be more ex-
perimentally straightforward, with for instance the use of parametric amplifica-
tion already demonstrated by La Porta, Slusher and Yurke [119].

3.1.8 Polarization

Polarization acts as a qubit and the observables for polarization states are the
Pauli matrices. A measurement in the computational basis is given by (5.).
This is effectively calculating the average projection of the state’s Bloch vector

onto the z-axis.
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The generators of rotations around the Bloch sphere are given by the Pauli

matrices [16]:

Rp(0) = e™%09=/2 (3.48a)
R (0) = e~ 09u/2 (3.48b)
Ry (0) = e~%09:/2 (3.48¢)

where R;(0) is a rotation by an angle § about an axis 7 of the Bloch sphere.

Adapted from a figure created by Sebastiano & cfr. This figure is licensed under CC BY-SA 4.0

Figure 3.7: The state |¢) is rotated by an angle 6 about the |H)/|V) axis to a
state |¢"). This corresponds to the unitary operator U = e~%9=/2_ This rotation
does not maximize the change in state for the rotation amount . To achieve
a maximal change in state, a rotation about an axis perpendicular to the |¢)
vector is required.

Since a qubit state can be represented on the Bloch sphere (as shown in
Figure 3.7), the axis of rotation that would maximize the change in position
for a given 6 (an axis perpendicular to the state’s Bloch vector) depends on
the current state. In addition, these rotations are cyclical. As a rotation of 27
would leave a state unchanged. However, for small displacements from an initial
state, polarization can be used in the same way as any other pointer — when
the pointer is prepared along one basis state, measured in a mutually unbiased
basis and then rotated around the 3rd mutually unbiased basis. This gives the

von Neumann interaction unitary:
U =ei09/2 (3.49)

In quantum optics, the two orthogonal polarization basis states are consid-
ered as different modes. Considering two modes H and V, the Pauli-z operator
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would be: R R

= (3.50)
ng + ny

From this expression alone it is not clear which, if any, nonlinear interaction
could have this term as a factor in their Hamiltonian. However, we typically
use a waveplate to rotate a polarization state — a birefringent material whose
optic axis is not aligned with that of the polarization state. Hence, any nonlinear
optical interaction that induces a birefringence will allow polarization to be used

as the readout of the pointer.

Kerr Birefringence

It has long been known that an optical pulse is able to create birefringence
in a material through the Kerr effect [125, 126]. This is able to rotate the
polarization state of a pointer. The strength of this birefringence depends on the
photon number of the measured system and so this would allow a measurement
of photon number using polarization as a pointer. In many respects this would
be similar to measurements using the pointer phase in Section 3.1.3, also using

a x® Kerr effect.

Electro-optic Sampling

Another nonlinear interaction that can induce birefringence is the Pockels effect
[8]. This is a x process that occurs with a static electric field. The change to
the parameters of the index ellipsoid is:

A (;) = ZrijEj : (3.51)

Typically the effect is small and r;; F; << 1. When this is the case, the change
in refractive index is given by:

An~ —in’rE, (3.52)

which is proportional to the electric field amplitude.

When an electromagnetic wave is oscillating at a much lower frequency than
the pointer it can be approximated as static. This is the case for electro-optic
sampling of terahertz radiation [127-129], and enables the measurement of the
radiation’s instantaneous electric field. This technique however, would be very
challenging to perform at standard optical frequencies — although extensions

have been shown into the near-infrared [130].



110

3.1.9 Other Observables

Other possible observables to measure on the pointer, such as position or fre-
quency, are generally treated as independent modes in quantum optics and so
will not appear directly in a nonlinear interaction Hamiltonian.

In these multi-mode cases, the second quantization framework used through-
out this chapter is no longer as useful. There is no longer a finite number of
modes coupling together — but rather a continuum of states that (in the 2nd
quantization formalism) must be expressed in terms of a mode basis. This makes
any calculations far more cumbersome and much more challenging to gain in-
sight from them. However, it can be productive to consider these cases in a
first quantization framework - where we consider the effect of an environment
on a photon’s state. To do this, we make use of the known, classical, effects of
a particular optical nonlinearity (for instance a refractive index change in the
cross Kerr effect) and consider how this will change the pointer state. This was
the approach taken in the above discussion regarding the use of polarization as
a pointer.

Another example would be changing the refractive index to create a lensing
effect — modifying the transverse position of the pointer. Though, as with
induced birefringence, for the Kerr effect, this refractive index change will be
proportional to the photon number operator and would not enable measurement
of a new quantity.

It would also be possible to create a situation with a spatially or temporally
varying coupling constant, g (for instance if the nonlinear material was only in
a section of the beam). This would enable the use of nonlinear optical mea-
surement techniques to be applied in similar ways to typical measurements of

position, but with potential advantages such as non-demolition.

3.1.10 Von Neumann Measurements Summary

This section explored the opportunities of implementing von Neumann weak
measurements in optical systems by examining various optical observables and
their potential as pointer systems. The key challenge is finding nonlinear optical
interactions with Hamiltonians that satisfy the von Neumann measurement for-
malism — where the interaction Hamiltonian must couple the system observable
to the pointer’s conjugate momentum.

We see that there are significant constraints on which interactions are able
to create coupling of the desired form. While some observables like phase and

polarization show potential, most face fundamental limitations. For instance,
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quadrature measurements cannot be performed directly using parametric non-
linear processes due to energy conservation requirements. The most promising
approaches all use some variation of the Kerr effect and so are only suitable for
measurements of photon number.

More complicated approaches, such as using two pumps of different fre-
quencies or replacing a single interaction with linear and nonlinear elements,
are able perform von Neumann measurements of field quadratures. These ap-
proaches have more experimental complexity and requiring fine tuning of sev-
eral parameters to function, though do provide options to enable non demolition
measurements.

The limited number of optical nonlinear interactions that are able to create
a von Neumann form interaction suggests that a more general framework of

measurement should be considered — as in the next section.

Key Findings

¢ Implementing von Neumann style weak measurements requires an inter-
action Hamiltonian that couples the measured observable to the pointer’s

conjugate momentum. (Section 3.1)

e The Kerr effect has a Hamiltonian of a form that would enable the photon
number operator of a system to be measured by reading out the phase of
the pointer. (Section 3.1.3, 3.1.8 and 3.1.9)

o There is a ) interaction that would allow the field quadrature operator
of a system to be measured. However, in practice the Kerr effect is likely to
dominate the pointer position making this very challenging to implement.
(Section 3.1.3)

e Using two pumps with a tuned amplitude relationship enables the mea-
surement of the field quadrature observable. Given the large range in
frequencies needed for this scheme, it is likely to be challenging to use.
(Section 3.1.6)

e Using the formalism of Gaussian operations, the interaction required to
measure a quadrature operator can be decomposed into two generalized

beam splitters and two single mode squeezers.

¢ Other optical nonlinear interactions and possible pointer readout degrees

of freedom will not work for von Neumann style measurements.
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3.2 POVM Approach

In this section, we explore how optical nonlinearities can be harnessed to perform
quantum measurements within the Positive Operator-Valued Measure (POVM)
framework. We begin by examining various nonlinear interaction Hamiltonians
and their representations in both raising/lowering operators and quadrature
space, with particular focus on y(?) nonlinearities.

We consider different measurement scenarios, including number state point-
ers and readout, coherent state pointers with number-basis readout, and quadra-
ture pointer readout. We show that while number state approaches face signifi-
cant experimental challenges, coherent state pointers offer potentially practical
pathways to extracting quadrature information about quantum states.

Notably, we show how observations of the intensity of a coherent pointer
after nonlinear interaction can provide quantum non-demolition measurements
of field quadratures — potentially offering advantages over traditional homodyne
techniques, especially for bright fields.

3.2.1 Optical Nonlinear Hamiltonians

A more general approach to quantum measurement is to use the POVM formal-
ism introduced in Section 1.1.3. This allows us to consider the consequences of
any interaction unitary, and avoids the need to find unitaries of a specific form.

There are a number of possible nonlinear interactions that could potentially
lead to interesting results. Hamiltonians for these interactions can be written
in terms of both raising and lowering operators, as well as using quadrature
operators. Each representation offers different insights. Table 3.2 shows a se-
lection of possible Hamiltonians for cases where there are only two quantum
modes interacting (and potentially additional classical modes). These are of
most interest to us since we want to consider the case of a quantum pointer and
measured state interacting and additional quantum modes will complicate the
analysis (as well as making an implementation more experimentally challenging

and likely resulting in very weak interaction strengths).

3.2.2 Finding Kraus Operators

Nonlinear optical interactions (or any other unitary operator) will result in a
POVM. However, the meaning of this POVM, and the information it provides
about the measured state, is less clear. More information is needed about the

effects, E. The approach in Todd Brun’s lecture notes [131] is used.
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Raising & Lowering

Interaction Representation Quadrature Representation
Second Harmonic [ 112; , oz o (X2~ V)Xo + (XY, + Y, X)T.)
ot | l) () (o ) ] (5545
) wi i \ o . A oA
X with Classieal | (grate 1 pac) o (Relf] (KuXe + a7 + Tmfg] (XY - VX))
Kerr Effect rkatabth K (X,f +Y2 - %) (Xb + Y2 — 1)
h order interaction g (d"fﬂ + &T”B) g ((d" +a'™) X, +1i (@™ —am) )A/b)

Table 3.2: Some possible Hamiltonians for the interaction of two quantum
modes (there may be additional classical modes where the parametric approxi-
mation has been made). These are expressed both in terms of raising/lowering
operators and in terms of field quadratures.

The n'* order interaction expression applies for both an actual n'® order
interaction, as well as higher order nonlinearities using classical pumps to
achieve a similar effect.

The interaction unitary is partially decomposed in the basis of pointer read-

out outcomes:

U= ZAkk' & |fk><fk/\ . (3.53)

kK’

If this unitary is applied to an initial state where the pointer is prepared as

one of the measurement outcomes, |P) = |f€), then:
Ul)fo) ZAchJ ®|f*), (3.54)
and hence the Kraus operator is:
Kip = Ape, (3.55)

giving the effect:
Ey, = Al _Ay.. (3.56)
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3.2.3 x® Nonlinearity with Pointer Input and Readout in
the Number Basis

To use the approach above we must choose the pointer read-out basis. A natural
choice of an orthogonal basis for an optical system are Fock (number) states.
Considering the case of a x(® nonlinearity, the interaction unitary is given by:

[ = einlabe’+atble) ’ (3.57)
which for a weak measurement can be approximated as:
U~1+ik (aée* + aTBTé) . (3.58)
Represented in the number basis, the raising and lowering operators are:

i = Z Vili — 1], (3.59)
al =Y Vit 1li+ 1) (3.59D)

Pointer as the Second Harmonic

H = n(a2et +at2¢)

[V)a
T~ %/' N A
/ \

P) = In). Y

Adapted from a figure created by alchemist.
This figure is licensed under CC BY-SA 4.0

(a) Interacting modes (b) Energy level diagram

Figure 3.8: The modes interacting when the pointer (mode ¢) is the second
harmonic of the measured system (mode a). The initial pointer state is a number
state, |n), and is measured in the number basis, |k).

We can consider the case where the pointer is chosen as the second harmonic

of the system being measured (so modes a and b are identical). This means that
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there are only two optical modes interacting: the system, a, and the pointer, c,

as shown in Figure 3.8.

U =1+ir (a%¢" + at?e) (3.60)

The interaction unitary can be partially decomposed in the number basis to

give:

U=Y |kFle (mk?k/ + i@ VR O g1 + a2 VE 15k,k/+1) . (3.61)

kK

To proceed with the analysis, we also need to consider a specific pointer state
initialization. When the initial pointer state is a number state, |P) = |n), this

gives the Kraus operators:

K, 1 =iry/nat?, (3.62a)
K,=1, (3.62b)
K1 =ikvn + 142, (3.62¢)

and the generalized measurement operators are:

En_1 = r*na?at?, (3.63a)
E,=1, (3.63b)
Epi1 = r2(n+1)at?a. (3.63c)

The probability to find that the pointer mode contains k& photons is:

pr = (Y[ Ex|¥), (3.64)
and so:
1 = &2n(y|acat?|ep) (3.65a)
pn =1, (3.65b)
Pnt1 = K2 (n+ 1)(@]at?a?(y) . (3.65¢)

Due to the assumption of a weak interaction, the only possible measurements
aren — 1, n and n 4+ 1. As discussed in more detail in Section 3.2.3, this result
is probably not very useful due to needing precise number state information.
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Pointer as the Fundamental

|9)e )/' U S
\

\
/

H = r(a2el +al2s)

P) = In)a Y

Adapted from a figure created by alchemist.
This figure is licensed under CC BY-SA 4.0

(a) Interacting modes (b) Energy level diagram

Figure 3.9: The modes interacting when the measured system (mode c) is the
second harmonic of the pointer (mode a). The initial pointer state is a number
state, |n), and is measured in the number basis, |k).

If the pointer is chosen as the fundamental frequency and the system is the
second harmonic (so that modes a and b are identical and correspond to the
pointer and mode ¢ to the measured system, as shown in Figure 3.9) then the
interaction unitary is:

U =1+ (cla + eat?) . (3.66)

For the initial pointer state |P) = |n),, this then gives the POVM:

Ep_y = r*n(n—1)éet (3.67a)
E,=1, (3.67b)
Enyo = &% (n+1)(n +2)éfe. (3.67¢c)

The probability to detect a change in photon number will be proportional to

the number of photons in the measured system.

Other Second Order Processes

Another option is to consider the full trilinear Hamiltonian. To continue consid-
ering only two quantum modes, we will consider when one mode is a coherent
state, enabling the parametric approximation to be made.

When the parametric approximation is made for the mode at the highest

frequency (mode ¢) and the coherent state in this mode has an amplitude ~, the
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unitary of the interaction will be:

U=1+ix (7*&?) n yaTéT) . (3.68)
IR EEEEEEE -
) (K| -
[¥)a b
7)e B A
= r(abet +aTbTe) \ a
P)= Il Y

Adapted from a figure created by alchemist.
This figure is licensed under CC BY-SA 4.0

(a) Interacting modes (b) Energy level diagram

Figure 3.10: The modes interacting when the highest frequency mode, ¢, is
pumped with a coherent state with amplitude v for a measured system in mode
a the pointer in mode b. The initial pointer state is a number state, [n), and is
measured in the number basis, |k).

When the measured state is mode a and the pointer is mode b, initialized as
a number state, P = |n), (shown in Figure 3.10), this would give the POVM:

E,_ 1 = r*nhy%ata, (3.69a)
E,=1, (3.69D)
B = k3 (n+1)|y[2aat . (3.69¢)

This is a very similar result to using the pointer as the fundamental frequency,
except that the probability of a change in outcome has n|y|? dependence rather
than n?. Since |y|? is likely to be much larger than n, this would correspond to
larger changes in probability. The unitary is symmetric between modes a and b
and so would have the same result if the measured state was in mode b instead.

When mode @ has a coherent state with amplitude o (and the parametric

approximation is made) the unitary is:

U=1+ir (ai)éT +atbf c) . (3.70)

When the measured state, |¢), is in mode b and the pointer is in mode ¢ ini-
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tialized as a number state, |P) = |n). (shown in Figure 3.11), the POVM is:

E,_1 = k%n|a)?bb’ (3.71a)
E,=1, (3.71b)
Epp1 = r2(n+1)]of?bh. (3.71¢)

This is a very similar result to when the coherent state is in the highest frequency
mode, as considered above, with the change in probability still proportional to
the photon number of the measured system.

A
|k (K| :
)s ” b
el
) R 2
/ H = n(abet +afbte) a
P) = o) Y

Adapted from a figure created by alchemist.
This figure is licensed under CC BY-SA 4.0

(a) Interacting modes (b) Energy level diagram

Figure 3.11: The modes interacting when the pointer is the highest frequency
mode, ¢, the measured system is in mode b, and mode a is pumped with coherent
light with amplitude «. The initial pointer state is a number state, |n), and is
measured in the number basis, |k).

Limitations with Number Basis Approach

There are very challenging experimental obstacles to overcome to be able to use
a number state pointer. Generating precise number states (especially higher
than 1) is non trivial. Photon number resolving detectors are expensive and
have a limit to how many photons they can distinguish.

Perhaps more fundamental is that the interaction will typically be very weak
if the pointer has a small number of photons. Precise generation and detection
of a large photon number state does not look possible in the foreseeable future.
For this reason we do not consider any arrangements with the pointer initialized
as a number state.
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Whilst photon number is the most natural orthonormal basis, other prop-
erties of a light field can be used. In addition, the POVM formalism does not

require that the input pointer state is a member of the outcome basis.

3.2.4 x® Nonlinearity with Coherent Pointer Input and
Number Basis Readout

Another option would be to use coherent states as the pointer but still measure in

the number basis. This may well be the simplest to achieve experimentally, given

lasers produce coherent states and photon number is equivalent to intensity

(although the issue of detecting multiple photons still remains).

In this case the combined input state is given by |¢)|a) and the same first

order expansion of the x(?) unitary can be used as before.

Pointer as the Second Harmonic

¥)a

™~
_—

H = r(a2el +at2¢) \\

P) = la)e AL

Adapted from a figure created by alchemist.
This figure is licensed under CC BY-SA 4.0

(a) Interacting modes (b) Energy level diagram

Figure 3.12: The modes interacting when the pointer (mode ¢) is the second
harmonic of the measured system (mode a). The initial pointer state is a co-
herent state, |a), and is measured in the number basis, |n).

Consider the case where the pointer (mode ¢) is at double the frequency of
the measured system (mode a), as shown in Figure 3.12. After the nonlinear
interaction, the state will be:

') = Ul)ala)e = (1 +iw (6% + (012¢)) [¢)al@)e - (3.72)


https://tex.stackexchange.com/a/672759
https://creativecommons.org/licenses/by-sa/4.0/

120

The initial pointer state in the number basis is:
P) = la)e == F 3" )., (3.73)
i

hence after the nonlinear interaction the state will be:

W) = e (Z % (11 +ik ((aT)Qa + a2§)) |n>|¢>> . (3.74)

This gives the Kraus operators:

K, :e_%j—% (]l—i—i/-@ ((&T)za—l—éﬂg)) ) (3.75)

and the generalized measurement operator to first order:

B, = e—laV‘O‘% (2+ir (2 —ana® + (@ = 5)@"?)) . (3.76)

hence the probability of measuring n photons will be:

po=e o (g [(2 o) wiatw)]) . e

These probabilities depend on the square of quadrature operators. Sub-
sequent sections will discuss how these probability changes could be used to

perform practical measurements.

Pointer as Fundamental

If the pointer (mode a) is at the fundamental frequency (shown in Figure 3.13),

then after the nonlinear interaction, the state will be:

ol? n —1
W) = e~ '3 (Z % (1 +ik (éw + c”(”a2)>> |n>|z/;>> . (3.78)
giving the Kraus operators:

K,=ec %2 (11 +ik (aToﬂ + c”(”l)» : (3.79)
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Adapted from a figure created by alchemist.
This figure is licensed under CC BY-SA 4.0

(a) Interacting modes (b) Energy level diagram

Figure 3.13: The modes interacting when the measured system (mode ¢) is the
second harmonic of the pointer (mode a). The initial pointer state is a coherent
state, |«), and is measured in the number basis, |n).

and the generalized measurement operator:

B, :ef\aF'O;% <1+m ((”(’”;21) —a*Q) é+ (a2 - n(ZQl)> cf)> ;

and probabilities:

P = e—la‘z% (1 — 2xIm [(”(”_1) - a*2> <zp|é¢>D . (3.81)

o?

Simultaneous Readout of Quadratures?

These effects look interesting, since the change in probability of measuring each
specific number of photons depends linearly on the expectation value of the
lowering operator (or its square). However, the expressions also have dependence
on both the number of measured photons and the coherent state amplitude —
suggesting that it might be possible that different quadratures of |¢) affect the
probability to measure each photon number differently.

We can consider the fractional difference in probability for measuring n pho-
tons — the change in the probability to measure n photons in the pointer state
after the interaction as compared to before, divided by the initial probability to

measure n photons in the pointer.

Pn — 1imn~>0 (pn)
hmm—)O(pn)

Ap, = (3.82)


https://tex.stackexchange.com/a/672759
https://creativecommons.org/licenses/by-sa/4.0/

122

where lim,_,o(py,) is the initial probability to measure n photons in the pointer
(the number that would be detected if the interaction strength was zero).

This shows that the quadratures affect the probability to measure all photon
numbers in the same way — with a single coherent state measuring a single
quadrature of |1).

For the pointer as the fundamental frequency, this is equal to:

Ap,, = —2kIm K”(Z;U - a*2> <¢|a|¢>} . (3.83)

For o = |ae?, this then simplifies to:

nin —1
Apn = 2K (|a|2 - 042))

X (cos(20)Im [([é]1h)] — sin(260)Re [(p[é[¢)]) -

(3.84)

It is clear that the change in probability depends on (¢|a|t)) in the same
way, regardless of the number of photons measured. Therefore, unfortunately,
the simultaneous determination of more than one phase is not possible. Only
a change in the phase of the coherent state would allow different quadratures
to be measured. However, it also indicates that this scheme will be able to be
used to perform quadrature measurements as outlined below.

When the pointer is the second harmonic frequency then the equivalent

expression is:

Ap, = 2k (|a| — Z|) (cos(0)Im [(¥]a®[¥)] — sin(0)Re [(¥]a®|¥)]) . (3.85)

Whilst these measurements would provide information about the quadra-
tures of the state |1}, it appears to require detecting the change in probabilities
of observing a specific number of photons. This would require photon number
resolving measurements, and thus, many of the same challenges discussed in
Section 3.2.3 would still apply. However, as we show below, there is not the

same limitation.

‘Classical’ Measurements of the Pointer

We can also consider finding average properties of the pointer states, rather
than observing the full probability distribution of measuring different outcomes.
For light, the most natural measurement to consider is average intensity, which

corresponds to the expectation of the photon number operator. This also has the
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advantage that it can be performed simply with standard laboratory equipment.

For an input coherent state with amplitude |a|e?, the intensity measured
after the interaction with the system, |¢), when the pointer is the second har-
monic, is:

(A)a = lal* — 2lalim [e"(y]a?[v)] , (3.86)
which is a fractional change from the initial pointer state:

(n)a — (A)c 2 042
- = ——TIm [e " (Y]a”|¢)] . (3.87)
()e |af [ ]
When the pointer has the fundamental frequency, the corresponding expres-

sions are:
()a = |a]* — 4k|al’Im [e 7> (p[e|y)] (3-88)

(W)= Me _ 4oy [e™2 (y|cf)] - (3.89)
()e

While the weakness of the nonlinear interaction means that these changes
are likely to be small, the phase of the pointer state could be varied with time.
This would create a time varying signal, that would be suitable for lock-in
amplification.

The signal of any such measurement would still be proportional to the in-
tensity of the initial beam, (72).. Whilst this may not be especially problematic
— the intensity is a straightforward property to measure — this can be avoided
by considering the variance of the photon number statistics.

For the case when the pointer is the fundamental frequency, the variance of

the pointer intensity will be:
Var(n)q = (A%)q — ()3 = |af? (1 — 8xIm [e 2 (y|¢[y)]) . (3.90)

The ratio of the variance in the intensity to the mean of intensity can be
considered. For a coherent beam — following Poissonian statistics — this ratio is

1. However, for the pointer after the interaction this ratio is:

Var(i)g 1 — 8xlm [e=2 (y]e|y)]

(g 1 —4xIm[e=20([éy)] (3.91)

which can be rearranged to give:

I e (vle)] = g-omed 5 (3.92)
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The expectation of ¢ can in turn be represented in terms of quadrature
operators:
e M ylely) = e YIX + YY), (3.93)

and so, depending on the initial phase of the pointer, the expectation of the two

field quadratures can be found.

Non-demolition Measurement of Quadrature

The above shows how by using a coherent pointer (one of the easiest states to
create experimentally) and a x@ interaction, it is possible to perform quantum
non-demolition measurements of the field quadratures. This is done by detect-
ing the intensity of the pointer (somewhat similarly to the scheme considered
by Wiseman and Milburn [132]). This could provide an experimentally feasi-
ble alternative to using homodyne techniques to measure field quadratures —
which could be especially useful for bright fields that would otherwise saturate

photodetectors.

3.2.5 Measuring Pointer Quadrature for x(?) Nonlinearity
with Coherent Input

An alternative to measuring the number state of the pointer is to measure its
quadrature values. Considering this as an idealized measurement, the proba-
bility density that the pointer is found in state with quadrature value X will
be:

p(X) = |(X W2 = [(X|U])[P)[2. (3.94)

The Hamiltonian for nonlinear interactions is often written in terms of raising
and lowering operators. However, it can also be written in terms of quadrature

operators. For the case with a fundamental and second harmonic frequency:

H=r (a6 +a2eh) = 2k ((Xg —VH X, + (X Va + YaXa)ch) . (3.95)
where:

a=X,+iY,, (3.96a)

af = X, —iv,. (3.96b)

This results in the unitary:

U _ C2in((f(§—?f)Xc+(Xa,Ya+f’aXn,)Yc) (397)
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This can be Taylor expanded to first order to give:

U~ 1+ 2ix ((f(g —V2) X+ (XaVa + Yaf(a)f/c) . (3.98)

Pointer as Second Harmonic
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Adapted from a figure created by alchemist.
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(a) Interacting modes (b) Energy level diagram

Figure 3.14: The modes interacting when the pointer (mode ¢) is the second
harmonic of the measured system (mode a). The initial pointer state is a co-
herent state, |7v), and has it’s quadrature, |X.), measured.

When the pointer in mode c is prepared as a coherent state, with amplitude

v, [P) = |7)c (shown in Figure 3.14), the initial state before the nonlinear
interaction is:

|¥) = [¥)alV)e s (3.99)

and after the interaction the state will be:

O0) = [)al)e + 20 ( (X2 = 72) 0o Xel)e
(3.100)

After measuring the pointer’s quadrature state, the state will then be:

(XlO1%) = 1) ulXel)e + 20 (X2 = T2) o (Xel K)o
(3.101)
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The coherent state can be represented in position space as [35]:

1
(X|y) = —perX X" -Relly (3.102)

M4

The following expectation values are then:

. X
(X|X|y) = Eez”X‘Xz‘ReM”, (3.103)
. (X —
(X [Py = LX) - 7) 29X - X" el (3.104)

making use of the expressions: ¥ = @' —a); at = 2X —a; X|X) = X|X);
and ala) = ala).
Evaluating all the expectation values above then gives the state after the

interaction and after measuring the pointer in state |X). to be:

- 1 CX?_Re ) R .
<XF‘U|\I/> _ Te?/Xc XZ—Re[v]y (|¢>a + 2’LI€<XC (X(% _ Ya2) |w>a
T (3.105)
+i(Xe = 7) (Xu Y, + Vo X,) |¢>a)) .
The probability of measuring this state is then:
|<XC|U|\II>|2 _ Le4XcRe['y]—2X§—2Re[V]2
T (3.106)

x (1= 45 (X, = Rely]) (61 %aVa + YaKalt)a)

Pointer as Fundamental

When the pointer is a coherent state, |P) = |a),, at the fundamental frequency

in mode a (shown in Figure 3.15), the probability to measure | X), for a state

V), is:

|(XalO19) 2 = [(Xala) ? (145 (2X,Im]a] — Imfa?]) (4] Xol).
A (3.107)
— 26(4X2 — 4X,Rela] = 1) (6[Vol)e ) -
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(a) Interacting modes (b) Energy level diagram

Figure 3.15: The modes interacting when the measured system (mode ¢) is the
second harmonic of the pointer (mode a). The initial pointer state is a coherent
state, |a), and has it’s quadrature, |X,), measured.

Coherent Pump

When the pointer is a coherent state, |a), in mode a and the pump mode, ¢, is
a large coherent state with amplitude v (so the parametric approximation can
be made), the probability to measure | X), for a state |¢), is:

[(XalO19) = | (Xalo) (1~ 4 (X, ~ Rela]) (Tmpr) (6] K3 )y

—mmwmmﬁ.@m&

This situation is shown in Figure 3.16.

Advantage of these Quadrature Measurements?

It is unclear what the advantage of reading out the quadrature of the pointer has
over number state or intensity readouts. Not only is reading out the quadrature
much more experimentally challenging than intensity, but it also feels somewhat
counter intuitive to determine information about the quadrature of a quantum
system by directly measuring the quadrature of the pointer.

However, it is possible that there could be some cases where coupling to
the pointer would have some advantages. For instance, it would enable the
quadrature measurement to be performed at a different frequency (where there

may be more efficient detectors) or with minimal disturbance.
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Adapted from a figure created by alchemist.
This figure is licensed under CC BY-SA 4.0

(a) Interacting modes (b) Energy level diagram

Figure 3.16: The modes interacting when mode ¢ is pumped with coherent light
with amplitude -y, the pointer is in mode a and the measured system in mode b.
The initial pointer state is a coherent state, |a), and has it’s quadrature, |X,),
measured.

3.2.6 Measuring Squeezed Photon Number State

Yanagimoto, Nehra, Hamerly, Ng, Marandi and Mabuchi [133] propose a non-
destructive scheme to measure the projectors of the squeezed photon number

states,
[Na) = 1/(v/Na) AT 0) (3.109)
where,
A = acoshu + alsinhu . (3.110)
This is done using a frequency detuned second harmonic interaction,

H=r(a?e+a’e") +data, (3.111)

where § = w, — w./2, and a coherent state in mode ¢ with amplitude v is used
as the pointer. The squeezing parameter of the measurement basis, u, is then
given by:

u = tanh ™! (2k7/6) . (3.112)

When the Y-quadrature of the pointer is measured, this gives a POVM with

effects:

E(Y.) = i e AN HY, — d(Nq +1/2)[P)[*| Na)(Nal , (3.113)
N,=0
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where A = /62 — 4k242 and d = ksinh(2u)t.

This result is somewhat similar to the work presented here — making use of a
x® nonlinearity to find a POVM. However, there are some notable differences:
this scheme requires a frequency detuning between the two modes (versus the
perfect frequency matching assumed to be required throughout this thesis), and

the analysis is performed in a displaced frame.

3.2.7 POVM Measurements Summary

In this section, we investigated the application of the Positive Operator-Valued
Measure (POVM) formalism to nonlinear optical weak measurements, with a
particular focus on x(? nonlinearities. The POVM approach provides a gener-
alized framework for quantum measurements, enabling the analysis of a variety
of nonlinear interactions between optical modes, such as second harmonic gen-
eration and parametric down-conversion.

We explored initializing the pointer in different states — Fock (number) states
and coherent states — and assessed their effectiveness in extracting information
about the system’s quadratures through measurements in the number basis,
intensity (photon number expectation), and quadrature bases.

For pointers prepared as a number state, we derived Kraus operators and
POVM elements, showing they provide information about the operators afa
or af2a®. However, experimental challenges, including the difficulty of gener-
ating and detecting precise photon numbers, especially for large n, limit their
practicality.

Considering coherent state pointers, which are more experimentally acces-
sible via laser sources, we found that intensity measurements yield signals pro-
portional to quadrature expectation values (for example, Im [(a)] or Im [(a?)]).
Direct quadrature measurements of the pointer also provide information about
the quadrature operators of the measured system.

In summary, this section showed how there is significant potential to use
x® nonlinearities to determine quadrature information about quantum optical

states.

Key Findings

o The Positive Operator-Valued Measure (POVM) formalism provides a
flexible approach to quantum measurements, allowing the analysis of var-
ious nonlinear optical interactions, without being limited to a unitary of

a specific form. (Section 3.2.2)
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o Pointers prepared as Fock (number) states would provide information
about the system being measured. However, measurements of this type
would be very challenging to perform experimentally due to needing pre-

cise photon number generation and detection. (Section 3.2.3)

o Pointers initialized as coherent states are both more experimentally practi-
cal and would enable measurements of quadrature operators of the system.
(Section 3.2.4 and 3.2.5)

e There is not a clear advantage to reading out the quadrature of a pointer
state rather than its intensity given both provide information about the

quadrature operators of a quantum system. (Section 3.2.4 and 3.2.5)
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3.3 Postselection

The approaches considered thus far (with the exception of Wu and Zukowski’s
method outlined in Section 3.1.5) have been considering weak measurements
without any postselection. Not only does this mean that the signal for any
of these potential measurements is going to be inherently very weak, but also
many of the advantages that postselection can provide are not being utilized. For
instance, weak value amplification [21] (or other postselection schemes) enable
the quantum Fisher information obtained from a weak measurement to reach the
quantum limit [30, 134]. In certain situations, postselected weak measurements
have advantages over standard techniques. For example, in the presence of
certain types of noise [30] or for measurements of some non-classical states
[135]. In addition, the complex nature of weak values can enable additional
information to be found [22, 27-29).

This section explores the enhancement of weak measurements via postse-
lection in nonlinear optical systems. We focus on how postselecting on states
with small overlap to the initial state can amplify measurement signals — a phe-
nomenon known as weak value amplification. For von Neumann measurements
using the Kerr effect, we present the amplification achieved by Steinberg’s re-
search group [26, 111, 112] and investigate alternative postselection strategies,
such as quadrature measurements. Additionally, we analyze postselection after

POVMs, revealing how weak values appear in outcome probabilities.

3.3.1 Postselection of Von Neumann Measurements Using
the Kerr Effect

To make use of weak value amplification [21], the interaction between the pointer
and the system must take the form of a von Neumann measurement as investi-
gated in Section 3.1.

The case of using the Kerr effect to measure the photon number of a state
using the phase of another system is considered. This is the experiment and
theory performed by Steinberg’s research group [26, 111, 112], where the state
was postselected into a near orthogonal state. Below we consider in detail this
result, as well as the effect of an alternative choice of postselection and measured

states.
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Figure 3.17: An interferometer configured to be sensitive to small phases, ¢, of
the beam entering in port b. The inputs in ports a and b are coherent beams
with equal amplitude magnitude. The intensity of the beams in port ¢ and d
are measured.

Operational Phase Measurement

As has come up several times in this thesis (Section 1.3.4 and Section 3.1.3),
there is no well defined quantum phase operator. However, we are experi-
mentally able to measure optical phase (at least for coherent light) and this
procedure can be described in terms of quantum operators.

Phase can be measured by considering the interference between two coherent
beams. For the experimental configuration shown in Figure 3.17, the difference
in intensity between the two output ports of a beam splitter is considered (nor-
malized by the total intensity to give a visibility).

o (M) (e — )
#= (My) (g +7e)’ (3.114)

where the difference and sum intensity operators are given by:

M_ =i, — g, (3.115a)

My =g+ e (3.115b)

The relationship between the modes of the input and output ports of the
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beam splitter are given by [35]:

d= — (id + 13) , (3.116a)

d

% (a + z‘l}) : (3.116b)

where these operators correspond to the annihilation operators for the beam at
the corresponding port.

The difference and sum count operators, M_ and M+ are then found to be:

M. =i, —fig =i (aiﬁ - aU}) : (3.117a)
My =ng+n, =ala+bTb. (3.117Db)

When a reference state |«) enters in port a and a state with a phase to be

measured |ae’®) enters in port b, the count operators are evaluated to be:

(M_) = (af{ce®®|M_|ae’®)|a) = 2|al?sin ¢, (3.118a)
(My) = (a|{ae'®| My |ae'®)|a) = 2|al?. (3.118b)
For small angles, the visibility gives an estimate for the unknown phase:

(ML)

T

=ging =~ ¢. (3.119)

Kerr Measurements Without Postselection

For the case considered in Section 3.1.3 of a cross-Kerr shift, we can confirm
that this operational phase measurement gives the result we would expect. For
a pointer input state |P) = |a) and a measured state [p) = > ¢,|n), we find

that the total system after the interaction is:
[T) = cnlae™)n) (3.120)

where ¢ is the cross-Kerr phase shift due to a single photon.
If the pointer phase is now measured by interference with a reference beam,

of equal amplitude, we find that the expectation of the count operators are:

(L) = 37 chea(al(ae™ (m| ML n) o™ ) a) = 37 2len?laf?,  (3.121)

n,m n
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(M) =2|al?, (3.122)

and
(M) =" crenlal(ae™® (m|M_|n)|ae™?)|a), (3.123)
(M_) =" 2|en|?|af* sin(ngp) . (3.124)

n

When all ngg are small, the phase estimate evaluates to be:

¢ = L) = ; len P ngo = do(¥|n|i), (3.125)

which is proportional to the number observable of the state |¢) as expected.

Postselection on Near Orthogonal State

When postselecting, typically interesting effects occur when the overlap between
the initial and postselected states is small (so that the denominator of the weak
value is small). This is exactly the case considered by Steinberg’s research group
[111], where the initial state is:

1
i) = =5 (100 +11)), (3.126)
and the postselected state is:

[¥5) = == (L+0)[1) = (1= 9)[0)) , (3.127)

1
V2
where ¢ is small.

The probability of postselection is then found to be §2 (ignoring measurement

back-action) and the normalized pointer state after postselection is:
1 i _
[Py) = 5 (HF2lae™™) = 152a)) . (3.128)

This is the state considered by Steinberg’s research group [26, 111].

To find the average phase shift measured, we evaluate the expectation of
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My:
<M_>512<a|<<1;5> (e iL_lac®) + (152 (al¥t- o
~ L bt fac0) - 120 <aef¢0|M_|a>>|a>,
(3.129)
gy el 20 (1 — §2 idoy _ nido igo
(NI_) 452( 2i (1 + 6 sin go— (1 5)<<a|ae ) — &% (a]aei®)

+ 70 (e’ |a) — (aei¢°|a))) .
(3.130)

The overlap between two coherent states is given by: (a|8) = e B3 (lal*+[B1%)

and so {a]ae®0) = olaf?(e@0-1)

oy dlaf?

(VL) =

( —-2i(1+ 5)2 sin ¢ — (1 — 6?) (elalz(ei“’0—1)

452
_ eiboglal’(@?0=1) | o—igoglal*(eT?0-1) _ e|a|2(e*i¢0—1)))
(3.131)
When ¢ is small:
9 ilof? . 2 2\ (ila|?¢ i il |2
vy =24 (722(1+5) ¢07(1f5)(e 0 _ gidogilal®do
45 (3.132)
4 e itogilal’d0 _ efz'\aﬁ%)) :
gy el o 2 2) (gilal?00 _ gilla®+1)
(M_) = —2i (14 6)% ¢o — (1—0%)(eilel P _ il 0
462 ( ( (3.133)

+ e illal+)do _ e—ila\2¢o)) .

When the phase shift imparted by the pointer on the measured system is small,
|a|?¢p << 1, we then find:

- ilaf? , ) ;
1) = o (= 20407 00— =) (faPon—illal + 10
— i(laf? + )60 +ilal*0) ) .
(M_) = ifsf ( —2i (1+6)% ¢o +2i(1 — 52)¢0), (3.135)
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- al? al?
(M_) = %(6(}50 + 52¢0) ~ | |5¢0 . (3.136)
(M) evaluates to 2|a|? and so we find the phase estimate to be:
s (M)
5= EM ; ~ 2 (3.137)
+

This is the probability found by Steinberg’s research group [111] in the case
of small back-action (as we assumed here). While this is able to show a signifi-
cant weak value amplification of the phase measured, it is somewhat less clear
how useful this is for measuring properties of a quantum system. It can be
used to provide 'which-way’ information about a photon (as in the proposal by
Steinberg’s research group) but is limited to cases where a great deal of infor-
mation is already known about the quantum state (so that a nearly orthogonal
state can be selected). This can still be valuable — but inevitably results in the
useful postselections being much more particular to specific situations than a
more general scheme (such as finding operator expectations).

Additionally, postselecting in the eigenbasis of the observable being measured
(for Kerr measurements, the number basis) will not provide any amplification.
Hence, it can be useful to consider postselecting in a different basis — for instance

quadratures.

Postselecting with Quadrature Measurements

If the measured state is postselected into an infinitely squeezed state, | X), then
the normalized pointer state after postselection, for an arbitrary input state
represented in the number basis, [1;) = >, cn|n), is found to be:

iy = T L~ a2 26 X2 () acin) | (3.138)

(X[i)  ¥i(X)

where H,,(X) is the n*® Hermite polynomial evaluated at X, 1;(X) is the mea-
sured state’s initial wave function.
The expectation of the count operators (Mi) are then:

1 2
(M_) = —— " cncl, (2" ntml) =1 2™ X H, (X) H,n (X)
¥i(X) nZ;’ (3.139)

% |a2| (e—imqﬁo _ einqbo) <aeim¢0|aem¢u>7

which when the phase shift imparted by the pointer on the measured system is
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small, ¢o|al? << 1, gives:

_ |Oé2‘ * 1 —Xx?2
(M) = Da(X) chcmme X H o (X)Hp (X)do(n +m). (3.140)

n,m

(M) evaluates to:

_ 2|a?| " 1 _x?
(M) = mzcncmme Y H,(X)Hp(X) . (3.141)

n,m
This gives the phase estimate to be:

5= (M_) 02 nm CnCh Ty Hn (X) He (X) (n + m)

<M+> 2Zn,m C"LC;’L\/ﬁHH(X)Hm(X)

(3.142)

This expression is very ‘messy’, and it is not immediately obvious what kind
of advantage could be achieved. We can consider an initial state to see how the
measurement would be affected.

One option would be to send in a Fock state, |1;) = |n). If this is done then
the expression for the phase estimate becomes:

(M_)

b= 0 ~ ndy (3.143)

the same as if there had been no postselection.

An other example would be to consider the states [1);) = % (|0) & 11)). The

phase estimate then is:

é= W) o H (2)” + V2Hy (X) H (X) . (3.144)
(M) Hy(X)? £ 2v2Ho(X) Hi(X) + 2Ho(X)?
Substituting in the Hermite polynomials then gives:
- 2X?2+4V2X
=———¢9. 3.145
P avasax?” (3.145)

As shown in Figure 3.18, this results in significant amplification around
X = :Fg- Hence, this technique may be useful to discriminate between states
such as these. However, given that these states are orthogonal and can already
be distinguished by interference with a coherent state, it is unclear when there
could be any advantage.
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Figure 3.18: The measured phase shows significant amplification around
X = :Fg for the state |¢;) = \% (]0) £1]1)) when postselected by an infinite
squeezed state | X). Measurements around these points are highly sensitive to
discrimination between these two states.
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3.3.2 Postselection of POVMs

It is also possible to postselect for POVM measurements using the formalism
shown in Section 1.1.4. We now use this approach to examine the different

combinations of pointer and readout bases considered in Section 3.2.

x(® Nonlinearity in the Number Basis
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(a) Interacting modes (b) Energy level diagram

Figure 3.19: The modes interacting when the pointer (mode c¢) is the second
harmonic of the measured system (mode a). The initial pointer state is a number
state, |n), and is measured in the number basis, |k). The measured state, |t¢);)
is postselected into |t)f).

When the pointer is initialized in a Fock state, |P) = |n)., measured in
the number basis, and is the second harmonic of the state |¢), (shown in Fig-

ure 3.19), the postselected probabilities to readout n photons are:

(wrla[ys)?
phoi = HQHM — &% (a) |*, (3.146a)
ph~1, (3.146D)
Pl =K (n+ 1)M =r*(n+1) ‘(aQ)wlz , (3.146¢)

(|}

where (af?),, and (a?),, are the weak values of the raising and lowering operators
squared given by:

a2}
(@) = <w<i/)f| w':f ) (3.147a)
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(a) Interacting modes (b) Energy level diagram

Figure 3.20: The modes interacting when the measured system (mode ¢) is the
second harmonic of the pointer (mode a). The initial pointer state is a number
state, |n), and is measured in the number basis, |k). The measured state, |¢;)
is postselected into [¢).

When the state being measured is the second harmonic (shown in Fig-

ure 3.20), the postselected probabilities to readout n photons are:

pi—Q = HQn(n - 1)W = fizn(n -1) ‘(CT)M‘Q , (3.148a)
ph~1, (3.148h)
[(glelva)®

plio =K (n+1)(n+2) = k¥ n+1)(n+2)(c),]* . (3.148¢)

() li) 2

The probability to measure these different photon numbers correspond to
the absolute square of the weak value of the raising and lowering operators (or

their squares).

x(® Nonlinearity with Coherent Pointer

When the pointer is initialized in the coherent state |P) = |a).; measured
in the number basis; and is the second harmonic of the state |1), (shown in

Figure 3.21), the postselected probabilities are:

2n
pl = e*‘o‘l2m (1 — 2kIm {(O{G,Tz + E(12> D , (3.149)
n! (67 w
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(a) Interacting modes (b) Energy level diagram

Figure 3.21: The modes interacting when the pointer (mode ¢) is the second
harmonic of the measured system (mode a). The initial pointer state is a coher-
ent state, |a), and is measured in the number basis, |n). The measured state,
[¢;) is postselected into |¢y).

where:

T2 1L na2y).
aa'” + —a
(aaf+ Za?) = i 200 (3.150)
a Jw (rlti)
The fractional difference in intensity, compared to when there is no mea-
surement is:
o pr —lim, (pﬁ)

Apl, = T o (8 = —2kIm [(aaT2 + ga2)w] . (3.151)

For the state where @ = |ale™?, the average intensity is found to be:
(A1) = |of® — 2k (|o’Im [e”(a?),, + 7 (a?)w] + |a|Im [e7(a?),]) . (3.152)

When the state being measured is the second harmonic (and the pointer is
the fundamental frequency, as shown in Figure 3.22), the postselected proba-

bilities to readout n photons are:
a2 | 9 n(n—1)
pl = elel — <1 — 2xkIm {a el + —a Gl ) - (3.153)
This then has an average photon number after postselection:

(7) = |af® = 2% (Jo|*Im [e%eczj + e_2iecw} + 2|af*Im [e_%ecw]) . (3.154)
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(b) Energy level diagram

Figure 3.22: The modes interacting when the measured system (mode c) is the
second harmonic of the pointer (mode a). The initial pointer state is a coherent
state, |a), and is measured in the number basis, |n). The measured state, |¢);)
is postselected into [¢f).
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(a) Interacting modes (b) Energy level diagram

Figure 3.23: The modes interacting when the pointer (mode ¢) is the second
harmonic of the measured system (mode a). The initial pointer state is a co-
herent state, |7y), and has it’s quadrature, | X.), measured. The initial measured
state, |1);), is postselected into state [i)r).
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Again the probability to measure these different photon numbers correspond
to the weak value of the raising and lowering operators (or their squares).
Measuring Pointer Quadrature for x(?) Nonlinearity

When the pointer is initialized in a coherent state, |P’) = |vy)., at the sec-
ond harmonic frequency (shown in Figure 3.23), the postselected probability to

measure the state in quadrature |X,.) will be:

| (XU 1) i) >

= (Xl P (1 - 4k Xom [(X2 - ¥2),]

[(hglabi)]?
— 4kRe[(Xe — 7) (XY + Yo X,),] ) :
(3.155)
where: 0 o
X2 _ Y2 _ <wf|Xa - Ya |1/}i>0« 3.156
(Xa =Y., ORI (3:1562)
<wf‘XaY/a + Y/aXa|1/}i>a
XaYa YaXa == 3.156b
(Xo¥o + ¥oXa, W10 (3.156b)
T —— .
| X o) (Xal

e ¢
. 2

\
/

H = r(aZel +at2e WHC
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(a) Interacting modes (b) Energy level diagram

Figure 3.24: The modes interacting when the measured system (mode c¢) is the
second harmonic of the pointer (mode a). The initial pointer state is a coherent
state, |a), and has it’s quadrature, | X, ), measured. The initial measured state,
[¢:), is postselected into state |¢)f).

When the pointer is at the fundamental frequency and the system being

measured is the second harmonic (shown in Figure 3.24), then the postselected
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probability to measure the pointer in | X, ) is:

(s | (XalUle) i) > _
[(rlepa) 2

[(Xala) (1 - 4rIm [(2X2 = 20X, + %) (X.),,] (B157)

—2kRe [(4X2 — daX, — 1) (Y.),] ) 7

where:
_ (W Xelyn)e X
N TR TR (3-1582)
_ <¢f|iff|¢1>c
(Ye), = ol (3.158b)

Interpreting These Weak Values

To understand what the postselected POVM results above can provide infor-
mation about, it is insightful to consider some possible examples for the weak

values found in the probabilities above.

Postselecting on Number State
If the postselected state is chosen to be a number state, [f) = |m), and the
initial state is expressed in the number basis as [1;) = >, ¢;|j), then the weak

values will be:

(@) = (mlals) _ emir Vm+1, (3.159a)

mlat|y; Con—
(a)w = <<7|n|1/|11-/;l> = =V, (3.159b)
(@*)w = <T7l;l|¢|¢;> = CZ’: (m+1)(m+2), (3.159¢)
m|at2|y; Con—
(@) = < <7|nw|;§}1> = ’C"m2 m(m—1). (3.159d)

This provides information about the relative magnitude and phase of dif-
ferent photon number coefficients of the initial state (with the coefficient being
probed depending on the value of the postselection). There will be a large am-
plification when c¢,, is small — when the initial state has a low probability of

having the postselected number of photons.
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The weak values of the quadrature operators are found to be:

<m|X|’l/)l> Cm+1\/m+ 1 +Cm—1\/m

(X)w = misy e (3.160a)
_ (m|Y |;) _ CmpiVm+ 1 —cp1y/m
F)w = (mls) 2icm ’ (3.160Db)
(XY 4 Y X)y = Cmt2+/(m+ 1)(m —gli) — cm_Q\/m | (31600
(X2 - Y2)w — <m‘X2 + Y2|1/JZ> . 2m + 1 . (3160d)

(mles) o2

These weak values provide information about the ‘interference’ between dif-
ferent photon number amplitudes (either separated by 2 or 4 photons). The
exception to this is the weak value (X2 — Y?2),,, which provides no information
about the measured system when the postselection is performed in the number

basis.

Postselecting with Quadratures

If the postselected state is chosen to be an infinitely squeezed state (a quadrature
projector state), |¢) = | X), and the initial state is expressed in the quadrature
basis as [¢;) = [;(X")|X")dX, then the weak values will be:

(X))o = W =X, (3.161a)
_ (X|Y]4;) i dyy
(Y)w = X0~ 20,0 dX (3.161b)
(v 4y, = PETEEIE o (ox 80 a0t
2 voy L (XIX2-V2y) 1 o, 1A%
(X2 =Yy = =g = 5 (X +4dX2) . (3.161d)

The weak values for the raising and lowering operators can be written either
in terms of the quadrature results above (using @ = X +iY’) or the initial state
can be considered in the number basis (|¢;) = >, ¢;|7)) and the results written

as sums of Hermite polynomials.

et
(Xlalys) _ 1 dyy _chjﬂ\/ﬂ%}[j(x)

(@) = st = X - = 1 ,

(3.162a)
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Kats) _ 1 dw_ Zi O )

N = = . (3.162b
(al) (X)) 2p;(X) dX chjﬁ H;(X) ( )
~2 ) 2.,

e By (0 L)
Zj Ciya (]\;;?%4’2) Hj (X) (31620)
B chj\/%Hj(X) ’
r2y _ (X[aPlys) vi(X)  dyi 1d%)
@ =Xy —nmo T Ty tiawe

o AiG1) (3.162d)
> Ci-2 F L H,(X)

35 ¢ 7 Hi(X)

Unsurprisingly, when postselecting on an infinite squeezed state, representing

the state in the number basis results in a fairly ‘messy’ expression. However, in
the ‘quadrature position’ representation, these look more interesting — providing
information about the gradient of the wave function. These weak values will be
large either when the gradient is large or when the wave function value is small
at the postselected X.

These measurements are unlikely to be useful for determining the full state
(wave function) of the system — since to find the gradient at a given X requires
a measurement of the field quadrature at that X to postselect upon. It would
be much simpler to perform tomography directly using these quadrature mea-
surements. However, if the gradient was only required for a single X then there

may be some use for this scheme.

3.3.3 Postselection Summary

In this section, we explored the role of postselection in enhancing the sensitivity
and information gained from weak measurements in nonlinear optical systems.
Postselection, particularly when the overlap between the initial and postselected
states is small, can significantly amplify the measurement signal, a phenomenon
known as weak value amplification.

We examined postselection for the von Neumann style Kerr measurements.
The example of postselecting on near-orthogonal states as proposed and demon-
strated by Steinberg’s research group is presented. Postselecting with quadra-
ture measurements is considered and shows advantages for distinguishing be-

tween certain states. However, a postselection is only able to provide useful
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amplification when the postselected and measured eigenstates have small over-
laps — and hence requires some knowledge of the initial measured state.
Additionally, we discussed the implications of postselecting after a Positive
Operator-Valued Measure (POVM). This results in expressions for the weak
values of various operators appearing in the probability distribution of the out-
comes. Various postselection strategies — such as number states or quadrature
states — reveal distinct information about the quantum state, from Fock state

amplitudes to wave function derivatives

Key Findings

o Postselections can provide weak value amplification for Kerr effect based
measurements of number states. These effects are large only when the

overlap between the initial and postselected states is small. (Section 3.3.1)

o Postselecting with quadrature measurements provides amplification that

can help distinguish between certain states. (Section 3.3.1)

o Postselecting Positive Operator-Valued Measurements (POVMs) results
in weak values appearing in the probability to obtain each measurement

outcome. (Section 3.3.2)

o The weak values of the raising and lowering operators (or quadratures)
provide information about the interference of photon number amplitudes

or the derivatives of the wave function. (Section 3.3.2)
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Chapter 4

Conclusions

The finite number of degrees of freedom of optical modes restricts the simultane-
ous measurement of multiple observables. This is of increasing relevance as we
develop the technology to engineer ever more complex quantum systems [136—
138]. Weak measurement offers approaches that can overcome these limitations.
One way, is as a framework used to analyze coupling to external systems with
nonlinear interactions. Alternatively, they can enable novel methods to measure
joint observables. In addition, weak measurements allow for a sequence of mea-
surements, which can be used to find quantum trajectories and the development
of a system over time [9].

In Chapter 2 we designed, simulated and built an experiment to find the joint
weak average of the position and momentum projectors using the conditional
scheme proposed by Lundeen and Bamber [28]. This scheme allows the joint
weak average to be readout directly from a single pointer. We showed that a
binary conditionality is able to result in the same measurement outcome as a
proportional conditionality — enabling simpler experimental designs and stronger
signals. Whilst qualitative demonstrations of the scheme have been made for the
real part of the Kirkwood-Dirac distribution, the experiment is still in progress
and a conclusive quantitative demonstration remains forthcoming. Additional
work that could be performed in this area would be: taking measurements
of different states, performing measurements at the single photon level, and
performing a third strong measurement using the first pointer after the joint
weak average has been ‘encoded’ onto the second pointer. It could also be
interesting to consider how the conditional scheme could be applied to other
situations, perhaps considering discrete systems that have quantum information

processing applications, such as optical beam arrays.
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In Chapter 3, we considered how bulk optical nonlinearities can be used to
perform measurements. In the von Neumann formalism, only photon number
(using the Kerr effect) and, potentially, field quadrature (using a very weak
x® interaction resulting in a signal that would almost certainly be dominated
by x®) processes) can be measured. When linear process are combined with
nonlinear interactions, von Neumann style measurements of field quadratures
are possible using x(?) processes. It could be an area for further exploration
to see what other measurements would be possible using these ‘hybrid’ inter-
actions. In the more general Positive Operator-Valued Measure (POVM) for-
malism, other observables affect the probabilities of measurement outcomes.
Whilst the relevant observables were all a combination of quadrature or rais-
ing/lowering operators — these are nevertheless useful quantities to measure.
Most promisingly we showed that, using a x(? nonlinearity and detecting the
intensity of the pointer, it would be possible to measure the quadrature of a
quantum system. This potentially provides an alternative to using homodyne
detection and would be performed as a non-demolition measurement. There re-
mains significant scope for future work in this area. Other nonlinearities beyond
@

states (for instance squeezed states) could be considered. There could also be

could be analyzed in the POVM framework and alternative initial pointer

more detailed treatment of multimode light — using pointers such as position
or frequency. Finally, the use of optical nonlinearities created by postselection
(of the type first proposed by Knill, Laflamme and Milburn [139]) could be
considered.

Weak measurements remain an area of opportunity — enabling measurement
schemes that may naively appear to be forbidden by quantum theory. This is
the case regardless of whether postselection is performed, although postselection
is needed to see weak value amplification. In particular, weak measurements
provide a useful tool to find measurements that function in a fundamentally
different way to standard strong projective measurements. While in most cases
standard measurement schemes will prove more useful, with much larger signals
than (non-postselected) weak measurements, this is not always the case. In this
thesis, we have shown how the framework of weak measurement enables optical
nonlinearities to yield information about useful observables. Additionally, we
demonstrate how weak measurements allow for more direct and efficient use
of degrees of freedom when measuring joint values and characterizing system
states.
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Appendix A

Appendix: SLM Process
Tomography

A.1 Motivation

During the use of the SLM for the conditional weak measurement experiment,
very strange behavior was observed numerous times. For instance, at one point
the phase was found to vary almost sinusoidally with the grey scale value of the
SLM with one laser but linearly with another laser (see Figure A.1).

Due to these strange effects, we decided to conduct a more thorough in-
vestigation of the transformations the SLM was performing — and see if these

depended on the properties of the laser used.

A.2 Polarization Measurement Scheme

To determine the effect of any SLM grey scale value on any polarization input
state is to perform process tomography [140] on the SLM. We need to perform
quantum state tomography on the system after interaction with the SLM, for
a range of different input polarizations — and this process needs to be repeated

for each SLM grey scale value.

A.2.1 Quantum Tomography of Polarization State

To perform quantum tomography on a polarization state is fairly simple to do.

One approach is to measure in the three typical bases (horizontal, diagonal and
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Figure A.1: The measured phase variation with SLM grey scale value. We would
expect this to be linear. The limited range seen in (b) is due to an artifact of
the fitting process used to determine the phase at this time.

circular) and then reconstruct the state from these measurements [141].
However, more classical approaches can be used to measure polarization
when we are not at the single photon level. One way is to continuously rotate a
quarter waveplate and measure the intensity after a fixed polarizer [142]. This
has the advantage of enabling the polarization state to be determined in a very
short amount of time (around the time it takes for the quarter waveplate to
rotate once) — which is especially useful for this process tomography where

tomography is going to have to be performed on many quantum states.

Reconstruction Approaches

There are a number of ways to determine the Stokes parameters (which corre-
spond to coordinates in the Poincaré sphere). One is to multiply the measured
intensity signals by sinusoids of the appropriate phase and frequency to ‘pick
out’ each component.

Alternatively, a more complex fitting algorithm can be used to find the best
fit of Stokes parameters to the measured intensity data. When this is done, there
are a range of constraints that can be imposed on the fit — such as imposing
the states be physical, that they be pure or no constraints on their physicality.
These different fits correspond to the different colours used in Figure A.4.

A.3 Polarization Dependent Loss

Due to the pixel array of the SLM, some light is diffracted out of the zeroth
order even when a uniform grey scale is displayed on the SLM. For the hor-
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Figure A.2: The intensity of horizontal polarized light measured after the SLM
for different grey scale values. Vertical polarized light does not see this variation.

izontally polarized light, the amount that diffracts depends on the grey scale
displayed on the pixels as shown in Figure A.2. The vertical polarized light does
not experience a phase change due to the liquid crystals and so the amount of
light diffracted has no dependence on the grey scale values displayed. The con-
sequence of these differences is that the SLM will appear to have a polarization

dependent loss that varies with the grey scale value displayed.

A.3.1 Impact of Polarization Dependent Loss

When there is polarization dependent loss, the effective polarization rotation
changes. The rotation now depends on the input state. This limits the range
of possible rotations, for instance, it is not possible to rotate from circular to
diagonal polarization. Some possible examples are shown in Figure A.3.

A.4 Process Tomography Results

To determine how the SLM will change an arbitrary state, we consider a range of
different input states. Figure A.4 shows the measured output states for a range
of different linear polarization input states. As shown in Figure A.5, the effect
of the SLM is largely to rotate the input state about the horizontal/vertical
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Figure A.3: The theoretical range of polarization states that can be reached for
different input polarizations when there is polarization dependent loss. These
plots show an effect around 4 times larger than seen experimentally, to make
the difference more visible.

polarization axis of the Poincaré sphere by an amount that depends on the grey
scale value displayed on the SLM.

This is exactly the kind of transformation to the polarization states that
would be expected by theory and the only major correction needed is to relate
the strength of this rotation to the grey scale value. This was already done
in Section 2.4.2 when finding the relationship between the phase and the grey
scale value. We did not observe any noticeable difference depending on the
bandwidth of the laser used.
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Figure A.4: The measured polarization states for different SLM grey scale values
for a range of different input polarization inputs. These are measured for a HeNe
laser with wavelength of 633 nm.
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Figure A.5: For a range of different SLM grey scale values, the rotation axis
in the Poincaré and strength of the transformation is plotted. This rotation
is found for a narrowband and a broader band 810 nm laser. An animation of
these plots can be found here.
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Additional Work: Graduate

Student Finances

In addition to my primary research in quantum optics, I have also contributed to
empirical work examining the financial realities of graduate students in Canada.
Conducted as a member of the Ottawa Science Policy Network and Support
Our Science, this research used survey and publicly accessible data to better
understand the financial situation of graduate students and their intentions to
remain in Canada. While distinct from the core scientific content of this thesis,

this work was positively received and had significant impact.

Analysis of Financial Challenges Faced by Grad-

uate Students in Canada®

This paper [143] presents the results of a national survey of graduate student
finances that was conducted from the end of 2021 until April 2022. The survey
received 1305 responses from graduate students representing various geographi-
cal locations, years of study, fields of education, and demographic backgrounds.
The results capture a snapshot into graduate student finances, including an
in-depth analysis of stipends, scholarships, debt, tuition, and living expenses.
This paper had significant impact: becoming the most read article of the
journal [144] (with over 21,000 downloads), the runner-up for the publisher’s
top article of the year [145] and cited by the House of Commons Standing Com-

mittee on Science and Research in their report on graduate scholarships and

*This work was done in collaboration with many other authors in the Ottawa Science
Policy Network. As second author I lead the data analysis team and contributed to conceptu-
alization; data curation; formal analysis; investigation; methodology; project administration;
resources; supervision; validation; visualization; writing — original draft; and writing — review
& editing. 1 contributed equally with Sarah Laframboise, Anh-Thu Dang, Mercedes Rose,
and Zier Zhou.
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post-doctoral fellowships [146]. This helped contribute to the $2.6 billion of
additional investment in federal research grants and scholarships (and the sig-
nificant increase in the value of federal graduate scholarships and post-doctoral
fellowships) allocated in federal budget 2024 [147].

An abridged version of this paper is presented in this section. Figures AW.1
to AW.18 and all text in this section are reproduced from Laframboise et al.
[143] under a CC BY 4.0 license.

Introduction

Graduate students play a large role in the research and innovation ecosystem
in Canada. These students have already completed a bachelor’s degree and
are enrolled in a master’s or doctoral degree. Most graduate degrees include
full-time, independent research in collaboration with a Principal Investigator
or supervisor, who is a faculty member at a university. This work requires
laborious training and creates the foundation of research in Canada. Research
has shown that one-third of publications feature PhD students as either authors
or co-authors [148], exemplifying the crucial role that graduate students play in
research and academic publications.

Since graduate students are often enrolled in full-time studies, many re-
ceive a stipend intended to offset living costs so that they can focus on their
studies. The source of this funding for graduate students can be complex. In
Canada, funding comes from two main sources: (1) directly through scholar-
ships, such as those provided by the three federal granting agencies, known as
the Tri-Council (Natural Sciences and Engineering Research Council (NSERC),
Social Science and Humanities Research Council (SSHRC), and the Canadian
Institute for Health Research (CIHR)) or (2) indirectly through their supervi-
sor’s research grants and(or) department funding. As such, graduate student
pay is often referred to as a stipend, since it is often a fixed pay, independent
from work performed. Stipends can vary among graduate students and depend
on many factors. For example, some students may be required to complete
teaching assistantships (TAs) in which they assist a professor with instructional
responsibilities or research assistantships (RAs) in which they assist a professor
or instructor with additional research activities such as performance of clerical,
laboratory, or technical tasks as part of their stipend.

The value of graduate student stipends can be set by universities, faculties,
departments, and supervisors. It appears that, in the absence of any other gov-

ernment guidance, federal Tri-Council scholarship values have set the precedent
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for stipend values. However, it is important to acknowledge that these scholar-
ships have not changed in value since 2003. Additionally, there has been little
increase in the number of available Canadian scholarships over the years. A
2018 report from the Science and Policy Exchange (SPE) revealed that 91% of
graduate students were largely displeased with the number of Tri-Council schol-
arships available for graduate students [149]. Furthermore, 79% replied that
they would like to see an increase in the value of the awards. This 2018 report
eloquently displayed the dissatisfaction among graduate students in regard to
the value and number of federal scholarships, as well as the perceived financial
security that comes with obtaining these scholarships.

During the COVID-19 pandemic, financial concerns of graduate students
became even more prominent, with Statistics Canada reporting that over two-
thirds of continuing postsecondary students were very or extremely concerned
about the financial impacts of the pandemic [150]. The Toronto Science Policy
Network’s COVID-19 Graduate Student Report has also revealed that finances
were at the forefront of worries for graduate students during the pandemic [151].

These financial concerns for graduate students have continued, with infla-
tion recently hitting a 40-year high, causing an increase in everyday expenses
[152]. While inflation affects all those in Canada, graduate students can be
considered a particularly vulnerable group because their stipend values do not
reflect average living costs. The Canadian housing market has also witnessed a
large increase in real-estate prices. While the majority of graduate students are
not in a position to purchase their own homes, rental prices across Canada are
increasing at unprecedented rates [153].

There is a lack of national data on graduate student finances, especially
for the vast majority of graduate students who do not hold a federal scholar-
ship. This survey aimed to investigate the state of graduate student finances
in Canada. From 1305 responses of graduate students representing various ge-
ographical locations, years of study, fields of education, and demographic back-
grounds, we examined costs, tuition, debt, sources of funding, reported financial

struggle, and other financial indicators.

Results

Demographics

One aim of our survey was to assess the financial situation of graduate students
across Canada, including students from varying programs, fields of study, and
ages. We received a total of 1305 responses, 1030 of which were in English
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Figure AW.1: Geographic location and age: (A) number of respondents from
each province and territory (n = 1305) and (B) age category of respondents by
% (n = 1305).

and 275 in French. Nearly all respondents were registered as full-time students
(96.7%), with only a small percentage registered in part-time programs (2.3%).
Students that resided in QC and ON made up 78.6% of respondents, with 484
respondents from ON and 541 from QC (Figure AW.1A). This is consistent with
Statistics Canada data from the National Graduates Survey that showed QC
and ON made up 73.8% and 73.7% of master’s and PhD graduates, respectively
[154]. Additionally, over 70% of respondents were between the ages of 24 and
33 (Figure AW.1B). Again, this is consistent with the Statistics Canada data
that showed an average graduate student’s age was 31 and 35 upon graduation
from master’s and PhD programs, respectively [154]. This provides confidence
that the conclusions made in this survey are a valid representation of the overall
graduate student profile in Canada.

A majority of respondents (57.6%) were pursuing a doctoral degree and
nearly all were in a research-stream program (Figure AW.2A). Similarly, the
majority (60.9%) of master’s student respondents were in the research stream,
while the remaining were in course-based (19.8%) and professional master’s pro-
grams (19.3%) (Figure AW.2A). Responses across years of study were evenly
dispersed (Figure AW.2B). Survey respondents were primarily in science-based
programs, including physical science (26.3%), medical sciences (23.8%), life sci-
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Figure AW.2: Level and year of study: (A) program and current study level
of survey respondents by % (n = 1303). The doctoral category includes pro-
fessional doctoral (e.g., EAD, PharmD, and DBA), research stream doctoral
(PhD), course-based doctoral, and MD PhD. (B) Current year of study of sur-
vey respondents by % (n = 1297).

ences (23.5%), and social sciences (16.4%) (Figure AW.3). Arts and humanities
students comprised 7.7% of respondents (Figure AW.3). A small percentage of
business students (1.6%) and law students (0.5%) also responded to the survey
(Figure AW.3). As such, our overall findings are most representative of graduate
students in STEM-related fields, which encompassed 73% of our respondents.

Financial Stress

We asked survey respondents to identify their comfort levels with their current
financial situation. Our team examined how concerned students were about
various financial stresses, including living expenses, debt, and emergency funds.
To investigate students’ financial status, we asked participants to choose which
most appropriately defined their current financial situation: comfortable (I am
very comfortable financially. I have enough money that I do not need to worry
about monthly expenses and spend as I would like.), enough (I have enough.
My finances are a bit tight but I live within my means and can afford to provide
for myself.), tight (every month is tight, but I am getting by. I am often making
sacrifices to pay for necessities.), and struggling (I am struggling financially. I
often do not have enough to make ends meet.) Nearly half of all respondents
(43.4%) identified that they were either frequently struggling to make ends meet
or that their tight finances forced them to make sacrifices to afford necessities
(Figure AW.4A). Less than 10% of students stated that they were very com-
fortable with their current financial situation (Figure AW.4A). Unsurprisingly,
those who identified as struggling to make ends meet generally had the lowest
stipend values, whereas those who identified as being very comfortable with
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Figure AW.3: Field of study. Respondents self-reported their field of study
from seven categories: arts and humanities, business, law, life sciences, medical
sciences, physical sciences (engineering, physics, mathematics, etc.) and social
sciences (n = 1305). If respondents indicated multiple fields of study or an
option not listed in the survey, they were categorized into one of the seven
categories based on their answers for analysis purposes.

their financial situation had the highest (Figure AW.4B).

The majority of respondents (85.7%) expressed experiencing stress/anxiety
about finances at some point during their graduate studies. Meanwhile, 54.7%
experienced difficulty budgeting, and 30.7% have considered leaving their stud-
ies due to financial struggles alone (Figure AW.5A). Concern about insufficient
funds for living expenses was common among respondents, with over 30% hav-
ing experienced concern about rent and food (Figure AW.5A) and 27.2% either
“always” or “often” worrying about their ability to pay for bills (Figure AW.5B).
The standard advice from financial experts and the recommendation by the Fi-
nancial and Consumer Agency of Canada is to ideally have at least 3—6 months
of savings for living expenses [155]. Ounly half of our survey respondents met
this recommendation, with 52.3% having only 0-3 months of living expenses
saved (Figure AW.5C) and 53.7% of students either “always” or “often” worry-
ing about their ability to pay for emergency expenses (Figure AW.5B). These
findings highlight that graduate students are vulnerable to unexpected financial
challenges.

As an expected consequence, graduate students worry about their future
financial security. Nearly 60% of respondents indicated that they either “always”
or “often” worry about future financial security, and a similar number (57%)
indicated “always” or “often” worrying about their ability to obtain a job in the
future (Figure AW.5B).
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Figure AW .4: Financial situation. (A) Respondents were asked what best de-
scribes their financial situation: comfortable (I am very comfortable financially.
I have enough money that I do not need to worry about monthly expenses and
spend as I would like.), enough (I have enough. My finances are a bit tight
but I live within my means and can afford to provide for myself.), tight (every
month is tight, but I am getting by. I am often making sacrifices to pay for
necessities.), and struggling (I am struggling financially. T often do not have
enough to make ends meet.). Data are shown by % (n = 1303). (B) Violin plot
of respondents’ financial situation and stipend value (n = 1303). The red line
and + sign represent the mean and median stipend value of respondents in each
group, respectively.
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Figure AW.6: Stipend status. (A) Respondents were asked whether they re-
ceived a stipend, by % (n = 1305). (B) Stipend value of respondents in research-
based master’s (n = 268) or doctorate (n = 600) studies. Data are shown by
the % of students in the respective level of study. (C) Average and median
stipend value of respondents in research-based master’s (n = 268), course-based
master’s (n = 19), business or professional master’s (n = 21), or doctorate
(n = 600) studies.

Stipends

Funding for graduate students in Canada is complex as it comes from various
sources and is regulated on multiple levels. While some universities set minimum
funding levels for student stipends, this can vary greatly between departments
and even faculty within a university.

Over 70% of respondents declared that they received a stipend (Figure AW.6A).

The average stipend reported was $23,750 for doctoral students, $19,725 for
research-based master’s students, $16,813 for course-based master’s students,
and $13,113 for business and professional master’s students (Figure AW.6B). If
we consider the context of a typical 40h work week, this becomes an average
hourly pay of $9.18/h for a master’s student and $11.43/h for a PhD student.
This is well below the $15/h minimum wage implemented by the federal gov-
ernment [156] and does not account for the many graduate students who work
over the average 40h standard.

When asked about their ideal stipend values, respondents reported an av-
erage of $33,619 for doctoral students, $29,213 for research-based master’s stu-

dents, $26,912 for course-based master’s students, and $22,705 for business and
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Figure AW.T7: Ideal stipend. (A) The ideal stipend value shared by respondents
in research-based master’s (n = 267) or doctorate (n = 592) studies who re-
sponded “yes” to receiving a stipend. Data are shown by the % of students in the
respective level of study. (B) Average and median of ideal stipend value of re-
spondents in research-based master’s (n = 267), course-based master’s (n = 17),
business or professional master’s (n = 21), or doctorate (n = 592) studies.

professional master’s students (Figure AW.7). The SPE’s Rethinking Federal
Research Funding Report found that respondents’ ideal value of federal scholar-
ships was $21,000 for a master’s student and $35,000 for a PhD student [149]. In
our results, master’s students reported a much higher ideal stipend value com-
pared to their current average funding, which puts them well below the poverty
line [157]. Further, the ideal value of $21,000 from the SPE survey would still
fall below the poverty line in the vast majority of the country.

We asked respondents to share the source of their stipend. The majority of
respondents (67%) were funded through their supervisor (Figure AW.8A). Less
than half (45.2%) were funded from their department/faculty. While national
and provincial awards exist, only 20% were funded through federal awards, and
11.5% of respondents were funded through provincial awards. Most respondents
(77%) reported only having 1-2 funding sources (Figure AW.8D). The length
of funding also varied from under 6 months to 4 years (Figure AW.8C).

Scholarships

In Canada, awards are granted to students who display a high level of academic
achievement and are intended to encourage graduate students to dedicate more
time to their studies. The awards are primarily distributed by three federal re-
search funding groups: the NSERC, the SSHRC, and the CIHR, which together
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Figure AW.8: Stipend sources. (A) Current sources of stipend of respondents
(multiple selections possible) (n = 914). Other includes institutional scholar-
ships, research assistantships, and university scholarships. (B) Length of time

funded through current sources of stipend (n = 914).

(C) Previous sources

of stipend, not including current stipend sources (multiple selections possible)
(n = 914). Other includes Mitacs and institutional scholarships. (D) Number
of current stipend sources (n = 914). Data are shown by percentage.
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who have received an award based on level of study: research-based master’s
(n = 337) and doctoral (n = 750). Award-holder status is defined as being
selected to receive a federal or provincial award. This does not include any other
awards that were indicated (admission scholarships, institutional scholarships,
etc.).

form the Tri-Councils Agency. In addition to federal research awards, there are
also provincial awards for graduate students.

Of 1305 survey respondents, 17.2% of doctoral and 13.4% of research-based
master’s students reported receiving a federal award, while 11.2% of doctoral
and 5.0% of research-based master’s students reported receiving a provincial
award (Figure AW.9).

When asked to describe their current financial situation, award holders were
less than half as likely to respond as “struggling” and more than twice as likely
to respond as “comfortable” compared to non-award holders, a significant dif-
ference at the P < 1075 level (x? test) (Figure AW.10). Overall, 48.4% of
non-award holders and 38% of award holders responded as either “struggling”
or “tight” to describe their current financial situation. These survey findings
are not surprising, considering that awards can help guarantee an income for

graduate students that may or may not be provided to non-awardees.

Gender and Ethnic Identity

Diversity is essential among graduate students to foster generations of scientists
with diverse perspectives and ideas. This will be vital to innovation as we tackle
future challenges in society. Per the Dimensions charter: “equity, diversity and
inclusion strengthen the research community, the quality, relevance and impact
of research, and the opportunities for the full pool of potential participants.”
[158].

Despite the presence and increasing prevalence of diverse groups, women,
Indigenous peoples, and visible minorities still face inequities and barriers to

inclusion in graduate programs, including lack of representation among those
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Figure AW.10: Financial situation by award holder status. Financial situa-
tion of non-award holder (n = 1031) and award holder (n = 274) respondents.
Data are shown by the % of respective award statuses. Award holder status
is defined as being selected to receive a federal or provincial award. This does
not include any other awards that were indicated (admission scholarships, in-
stitutional scholarships, etc.). *P < 0.05,x? test (award holder vs. non-award
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Figure AW.11: Gender identity. Gender identity of all respondents by % (n =
1305) (multiple selections possible). Definitions are located in Supplementary
file. GNC, gender non-conforming.

who receive federal doctoral and master’s level scholarships [159]. Additionally,
it has been found that those who identified as women, visible minorities, indi-
viduals with disabilities, and Indigenous were all less likely to receive research
funding [160]. Factors such as eligibility, duration of awards, and evaluation cri-
teria are significant barriers to promoting equity, diversity, and inclusion (EDI)
in graduate programs.

Women composed the majority of the survey sample (63.2%), followed by
men (32.8%) and respondents who identified as non-binary, gender-fluid, agen-
der, genderqueer, trans, two-spirit, or gender non-conforming (4.0%) (Figure AW.11).
There were no significant differences in average stipend values among gender
groups (KW test, P = 0.78) (Figure AW.12).
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Figure AW.12: Average stipend by gender identity. Average stipend
value of respondents by their gender identity: woman (n = 547),
men (n = 328), and gender-fluid/agender/non-binary/genderqueer/two-
spirit/trans/gender non-conforming (n = 37). Bars represent mean+SD.

Respondents largely identified as White (66.5%) (Figure AW.13). No sig-
nificant differences in average stipend values were found for domestic students
(KW test, P = 0.35) (Figure AW.14). There were significant differences (x?
test, P = 0.043) in the reported level of financial struggle of domestic students
with Black, Latin American, Middle Eastern, and South Asian students more
likely to report struggling or feeling tight financially than East Asian, Southeast
Asian, or White students (Figure AW.15). Among international students, there
were also significant differences (x? test, P = 1.7 x 10—4), with Middle East-
ern, South Asian, and Southeast Asian (not shown in the figure due to small
sample size) students reporting financial struggle at a much higher rate. The
discrepancy between the financial stress of domestic and international South-
east Asian students may be due to a small sample (with only 17 students and

11 international students).

International Students

International students composed 21% of master’s and 37% of doctoral students
in Canada, with this proportion rising to nearly 50% for those studying in STEM
[161]. This is comparable to the 31.6% of survey respondents to our survey who
were international students.

International students can face additional challenges compared to domestic
students, such as legal limits on the number of hours they can work off campus,
which has recently been suspended until the end of 2023 [162], ineligibility for

most Canadian government scholarships, as well as other struggles.
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Figure AW.14: Average stipend by ethnic identity. Average stipend value of
domestic student respondents by their ethnic identity: Black (n = 23), East
Asian (n = 54), Latin American (n = 11), Middle Eastern (n = 29), South
Asian (n = 36), Southeast Asian (n = 11), and White (n = 415).
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Figure AW.15: Financial situation by ethnic identity. (A) The financial situa-
tion of domestic student respondents by their ethnic identity: Black (n = 34),
East Asian (n = 74), Latin American (n = 16), Middle Eastern (n = 44),
South Asian (n = 45), Southeast Asian (n = 17), White (n = 695). (B) The
financial situation of international student respondents by their ethnic identity:
Black (n = 41), East Asian (n = 28), Latin American (n = 41), Middle Eastern
(n = 65), South Asian (n = 67), White (n = 173). Southeast Asian excluded
due to too few responses. Tight/struggling responses were combined to ensure
more than five responses in the grouped categories. *P < 0.05, x? test.
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Figure AW.16: Financial situation of domestic and international students. The
% of respondents who are struggling financially and often do not have enough to
make ends meet (struggling); every month is tight and often making sacrifices
to pay for necessities (tight); have enough and are able to afford to provide for
themselves (enough); or very comfortable and can spend as they like (comfort-
able), separated by domestic (n = 892) and international (n = 413) students.
*P < 0.05, x? test (domestic vs. international).

International students were found to be significantly (x? test, P < 1075)
more likely to report that they are “struggling” to make ends meet or that their
finances are “tight,” with over 50% falling into these categories (Figure AW.16).
Concerns over one’s ability to pay for bills, financial security, and emergency
expenses were also significantly higher (y? test, P values of < 1075, 0.002, and
< 1075, respectively). The survey reported 44% of international students were
“always worried” about their ability to pay for emergency expenses compared
to 24% of domestic students (Figure AW.17).

Far fewer international student respondents indicated receiving stipends
larger than $27,000 compared to domestic students, which may be due to the
lack of access to federal scholarships (Figure AW.18).
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Figure AW.17: Financial stresses of domestic and international students. The
response for domestic (n = 892) and international (n = 413) students on how
frequently they worry about their (A) ability to pay bills, (B) ability to pay
back their student debt, (C) future financial security, (D) savings/ability to pay
for emergency expenses, and (E) ability to obtain a future job in their chosen
field. Data are shown by % in each category. *P < 0.05, x? test (domestic vs.
international).
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Figure AW.18: Stipend levels of domestic and international students. The an-
nual stipend received by domestic (n = 589) vs. international (n = 320) student
respondents. (A) The percentage of respondents in each category who receive a
stipend of this amount. (B) A QQ-plot (binned into groups of five to maintain
de-identification) showing how the distribution of stipends for domestic and in-
ternational students differ. A QQ-plot is such that the same quantile for each
data set is plotted against each other (e.g., the 5th percentile of both distribu-
tions is one point). If the two distributions were the same they would follow the
line indicated.
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Conclusions

We propose six recommendations to better support graduate students and en-

able them to more fully focus on research.

1. Increase federal funding (through the Tri-Councils) for graduate students
in the form of research grants and scholarships.

2. Implement a standard for stipends in Canada and establish transparency

practices for university departments.

3. Expand the eligibility of Tri-Council graduate student scholarships to help
provide better funding for international students and underrepresented

groups.

4. Index and evaluate graduate student funding on a regular basis to ensure

the sustainability of research infrastructure in Canada.
5. Remove limits on work outside of studies for graduate students.

6. Further investigate the role of EDI factors in financial struggle.
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Canadian Science Graduate Stipends Lie Below

the Poverty Line'

This paper [163] presents the minimum stipend levels and tuition fees for all
university graduate programs in Canada in Ecological Sciences/Biology and
Physics, along with cost of living measures for the cities in which they reside.
We show Canadian minimum stipends are at values almost exclusively below
the poverty threshold. Only two of 140 degree programs offered stipends which
meet cost of living measures after subtracting tuition and fees. For graduate pro-
grams which offered a minimum guaranteed stipend, the average minimum do-
mestic stipend is short ~Can$9,584 (international ~Can$16,953) of the poverty
threshold after accounting for payment of tuition and fees. While international
comparison is difficult, the highest Canadian minimum stipend is roughly equiv-
alent or lower than the lowest stipend within the largest dataset of United States
of America (US) Biology stipends [164], and lower than the United Kingdom
(UK) stipend. University endowment correlates with minimum stipend amount
but intra- and inter-institutional differences suggest it is not solely institutional
wealth which improves graduate pay.

An abridged version of this paper is presented in this section. Figures AW.19
and AW.20 and all the text in this section are reproduced from Fraass et al.
[163] under a CC BY 4.0 license.

Introduction

The following is a general description of the financial model of Canadian gradu-
ate studies in natural science: stipends provide financial assistance to students
for living expenses (e.g., tuition, rent), as opposed to financial support for the
costs associated with the research itself (e.g., reagents, equipment) [165]. Grad-
uate students in Canada pay tuition and fees to their institution; waivers are
rarely provided. When a stipend is provided, tuition and fees are paid by the
student to their institution using their stipend, which itself was previously paid
by the institution to the student.

Departments or equivalent academic units frequently set minimum stipend
levels but individual principal investigators (PIs) can choose to exceed that
amount. Stipends are typically funded from multiple sources: the institution

TThis work was done in collaboration with Andrew Fraass, Kayona Karunakumar and
Andrea Wishart. As joint first author, I contributed to conceptualization, project adminis-
tration, project design, data and code management, data collection, analysis and writing. I
contributed equally with Andrew Fraass and Andrea Wishart.


https://creativecommons.org/licenses/by/4.0/

177

(e.g., faculty of graduate studies provides the department funds based on num-
ber of students in their programs), a PI’s research grants (see below), student
awards, and/or teaching assistantships. TAships are frequently a core part of
funding packages, with the pay earned from this job (which can be on the order
of $3-6k/term) often included in the value of the minimum stipend.

The Natural Sciences and Engineering Research Council of Canada (NSERC)
Discovery Grant (DG) is a 5-year operating grant awarded to individual PIs and
the foundation of most academic Canadian natural science graduate funding and
research. Grant applications are judged evenly across three categories: a record
of past research, highly qualified personnel (HQP; students, postdocs, and other
mentees) produced by the researcher, and a proposed project [166]. Quality
mentorship is therefore paramount in acquiring funding. Policy requires NSERC
panels to not judge a researcher based on the number of HQP [166]; rather,
applicants are judged on mentorship quality, post-mentorship careers, and so
on. However, an incentive still remains to have more students, as publications
and citations correlate positively with the number of HQP [167]. This pressure
to train a large number of students with the relatively small operating grants
may contribute to the suppression of stipend minimum support.

As a case study, we examined whether the guaranteed minimum stipends for
graduate students in Physics and Ecological Sciences/Biology are a) enough to
live on, b) comparable between programs and fields, c) related to the financial

size of universities, and d) similar with those in two peer nations (US and UK).

Results

Accessibility

Determining accurate annual stipends was difficult, despite two of four authors
possessing PhDs. It was rare for tuition and fees to be displayed in logical and
easily interpretable ways. For example, most institutions split fees into different
categories (e.g., bus pass, graduate association fees), but they commonly use
different units of time to display each: some fees appeared per term, some per
year, some per credit, while others had different values during fall, winter, and
summer or for part-time vs. full-time students, and so on. This complexity
made it extremely easy to make simple errors due to the number of parameters
and unclear language/presentation. Many institutions include certain fees (e.g.,
healthcare) on their fee lists, others do not. Furthermore, several institutions
put dollar amounts behind several menus and/or ‘opt-out/opt-in’ paperwork,

or even private intranet pages.



178

Whatever the factors contributing to low discoverability and transparency in
tuition and stipend data may be, the impact is obfuscated financial information
prior to being enrolled in a program. A solution for these issues would be to have
a “Finances” page clearly indicated on department websites, with a table laying
out common funding scenarios, minimum stipends, durations, costs, and how
much of the stipend is left after fees and tuition. A department that models
this well is the University of British Columbia Physics Department website
(https://web.archive.org/web/20240501083537 /https://phas.ubc.ca/

graduate-program-financial-support).

Stipend Amounts

We collected tuition, fee, and stipend data from public-facing program and/or
university websites for both domestic and international MSc and PhD students.
We focus our main analysis on domestic students due to the complexity and
uncertainty around much of the international student data that was available.

Data analysis was performed in R (v. 4.4.0 [168]). All code and data are
publicly archived on GitHub (https://github.com/UVicMicropaleo/Cana
dian-Minimum-Graduate-Stipends). We defined Gross Minimum Stipend
(GMS) as the minimum annual stipend, Net Minimum Stipend (NMS) as the
minimum annual stipend after both tuition and fees are repaid to the institu-
tion, and MBM Shortfall as NMS minus the inflation-adjusted Market Basket
Measure poverty threshold (MBM), for a single individual with no dependents
assessed by Statistics Canada [169]. The dataset contains 140 programs from 38
institutions. We found 95 programs providing a guaranteed minimum stipend,
while 21 programs provide no minimum stipend. We could not identify min-
imums and received no response to email requests from 24 programs. Only
considering departments which guarantee support, the mean domestic GMS in
Canada is Can$23,933, and mean NMS is Can$16,528 (Figure AW.19). An av-
erage program with a minimum stipend charges Can$7,585 in tuition and fees
to domestic graduate students, with a mean ~33% (range: 18% - 61%) of the
GMS repaid to their institution.

We compared stipend values to the governmental (MBM threshold [169], Fig-
ure AW.19). Only two programs (University of Toronto Physics PhD and MSc)
appear to have domestic net minimum stipends which reached MBM thresholds,
though these were estimated as fees were hidden behind an intranet page. The
average department would need to raise their guaranteed minimum stipend by
~Can$9,584 for domestic students and ~Can$16,953 for international students
to reach the MBM threshold.


https://web.archive.org/web/20240501083537/https://phas.ubc.ca/graduate-program-financial-support
https://web.archive.org/web/20240501083537/https://phas.ubc.ca/graduate-program-financial-support
https://github.com/UVicMicropaleo/Canadian-Minimum-Graduate-Stipends
https://github.com/UVicMicropaleo/Canadian-Minimum-Graduate-Stipends
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Figure AW.19: Annual financial support in Canadian and US dollars to grad-
uate students (MSc and PhD in physics and biology). Red lines correspond to
recently increased federal NSERC scholarships. Gross Minimum Stipend (GMS)
is the guaranteed minimum funding for an MSc or PhD student provided by
the institution. Net Minimum Stipend (NMS) is the GMS minus tuition and
fees for an institution. MBM Shortfall is the NMS minus the Market Basket
Measure (MBM), a poverty threshold, for an institution’s location. US Biology
stipends are from [164] and should be considered a rough approximation of the
US stipends, without accounting for fees or taxes (see text).

NMS best demonstrates the disparity between Canadian, US [170-172], and
UK stipends for PhD students (Figure AW.19a) as tuition waivers are normally
included for US or UK graduate studies. Notably, US data [164] (n=215) is
considerable, but not exhaustive, while the UK funding agency sets a single
national stipend level. It is difficult to reasonably compare various indices of
poverty in an unbiased way across national borders. Poverty metrics generated
by different governments vary due to numerous factors (e.g., national and re-
gional differences, political impacts of declaring a ‘line of poverty’). Further, the
non-TA portion of Canadian stipends are untaxed while US stipends are taxed.
US stipend data from [164] do not include ancillary fees, though it is extremely
unlikely that fees or taxes are enough to erase the Can$23,759/yr difference be-
tween the means of the two countries (eg. the federal tax on a US$37k stipend
for a single person would be around US$2,500). This difference is essentially
the same as the mean GMS, suggesting in order to compete with the US or UK
Canadian stipends would need to double, compared to only increasing by ~1.5
times to meet the cost of living.

To identify if net stipend is driven by available institutional funding, we

compared NMS against each university’s endowment (n = 26 universities with
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Figure AW.20: Net minimum stipends in Canadian dollars to MSc and PhD
graduate students in biology (green squares) and physics (purple circles) in
relation to their institution’s endowment in millions of Canadian dollars.

n=_80 programs; Figure AW.20). We fit a generalized linear mixed model (pack-
age lme4 v.1.1.26 [173]) with university endowment (logl0 transformed due to
skewness of raw data), program (MSc or PhD), and field (Biology or Physics) as
fixed effects, and university nested within province as a random effect because
postsecondary funding falls within provincial jurisdiction. Endowment accounts
for significant variation in NMS, suggesting a larger endowment generally re-
sults in higher stipends. We see similar effects when considering total expenses
rather than endowment, suggesting that this is an effect predominantly of fi-
nancial size of the institution rather than specific use of endowments (although
these parameters are highly correlated with larger institutions generally having
larger endowments). Yet, substantial residual variation remains, even with ac-
counting for variation across program and field within provinces (e.g., Ontario
and Quebec demonstrate inter-institutional variation). Variation in stipends
may result from a number of processes; e.g., different levels of support allocated
to departments from the institution, different departmental budget priorities,
or perhaps lagged responses to the increased expenses faced by students.

All analysis here is based on minimum stipend levels. Many graduate stu-
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dents do receive stipends higher than these levels, e.g. via top-ups from PI
grants, additional TA hours, or external scholarships such as NSERC doctoral
awards. However, the distribution of actual stipend values awarded is not pub-
licly available and would require departments to report all stipend values, rather
than simply department policies around guaranteed minimums (when they ex-
ist). Nevertheless, like minimum wage, minimum stipends are important to con-
sider because they represent a lower bound that at least some graduate students
experience. The purpose of setting a minimum is to ensure that all students
receive financial support to enable them to focus on their studies without need-
ing to seek employment elsewhere. If this is no longer being satisfied then the
minimum level must be adjusted. Our mean/median minimum stipend levels
are very similar to results from a recent survey [143], suggesting many students

are, or are close to, receiving their departments minimum stipend.

Conclusions

The complexity and opaque nature of the Canadian graduate funding system is
likely to be unclear to potential graduate students evaluating program options.
This is exacerbated by a lack of transparency around stipends and tuition at
institutional and departmental levels, making comparison between departments
difficult, along with other potential consequences (for example possibly posing
a further barrier to recruiting underrepresented students [174]). It also, given
the dissimilarity with other similar nations, makes it incredibly challenging for
international students to make informed decisions due to the overly-complex
nature of Canadian tuition and fee structures. While individual departments
are unable to transform this system, they can improve their own transparency
to allow for more informed choices by future graduate students.

Canadian and foreign students receiving the observed minimum stipend lev-
els are poised to incur substantial debt to undertake graduate education, un-
less otherwise wealthy. This presents a series of problems; for example: eq-
uity, incurred health costs of poverty on the next generation of scientists, and
the breadth of scientific inquiry [175]. Students would benefit from significant
changes at whatever level is possible [176]. Governments have the ability to
tweak aspects or alter the entire national system at once. However, within
the current Canadian system, institutions, departments, or individual PIs can
adjust minimum stipend levels. There is ample anecdotal evidence that this
is already occurring at least at the departmental level, as several departments

had increased stipends while we were performing quality control checks on our
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data. That minimum stipends are low, however, suggests that individual de-
partments probably cannot do this on their own, and may require assistance
from institutions and/or government.

It is clear that Canada is behind competing countries when it comes to
funding the next generation of scientists. Canadians who desire higher STEM
education have three options: hope for significantly higher guaranteed support
from a supervisor, department, or awards; incur substantial debts; or emigrate.

Graduate students, both in Canada and around the world, help drive aca-
demic advances in science [148]. Providing adequate financial support to these
researchers enables this work to be done most effectively and boosts the ability of
the entire scientific community to make progress. Not providing adequate sup-
port is damaging [177]. How best to provide this support is a global challenge,
with countries offering a range of different systems and amounts. Regardless of
the financial model offered, there is a potential for participation in science and
innovation to be reduced when junior scientists are expected to live below the

poverty line.
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International Mobility of Canadian Graduate Stu-

dents: An Investigation Into Brain Drain?

This report [178] presents survey data from current and recent graduate students
who studied in Canada on their likelihood and reasons for looking to remain in
or to leave Canada. It was met with significant interest in the Canadian science
and research advocacy community and I was invited to give a presentation on
our findings at Research Canada’s annual stakeholder action roundtable.

An abridged version of this report is presented in this section. Figures AW.21
to AW.24; Tables AW.1 and AW.2; and all text of this section are reproduced
from Ottawa Science Policy Network’s International Mobility of Canadian Grad-
uate Students [178] under a CC BY 4.0 license.

Introduction

The term ‘brain drain’ refers to the permanent outflow of highly educated and
skilled individuals such as researchers, technologists, and experts, out of the
country in pursuit of better opportunities abroad. Historically, this phenomenon
has led to a loss of intellectual and human capital exerting a profound influence
on the nation’s workforce, impeding economic growth, and directly shaping the
innovation landscape.

In the contemporary landscape of Canada’s intellectual and economic growth,
graduate students play a pivotal role. While working as graduate students they
perform much of academic research - working closely with professors and other
more senior researchers to push the frontier of human knowledge. Once complet-
ing these programs these highly qualified personnel may continue in academia
as a postdoctoral scholar or move into the wider economy bringing their skills
and expertise with them.

Their commitment to research and development not only fuels economic
growth but also spawns novel enterprises, generates employment opportunities,
and elevates productivity [148]. Notably, Canada’s rich history of impactful
innovations, exemplified by discoveries like insulin, underscores the importance
of Canadian research and discovery in shaping the nation’s identity and global

influence.

#This work was done in collaboration with Stephen Holland, Mercedes Rose, Sarah Lafram-
boise, Alexa D’Addario, Keaton Sinclair and Mariam Hakoum at the Ottawa Science Policy
Network. As first author, I contributed to conceptualization, project administration, project
design, data and code management, data collection, analysis and writing.
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In this survey conducted by the Ottawa Science Policy Network, we delve
into the dynamics surrounding the departure of graduate students from Canada.
We explore the motivations driving their decisions to leave, with a specific focus
on the impact of financial considerations and the role of scholarships. Addition-
ally, we consider the plans and reasoning of international students, offering a
comparative lens to improve our understanding. As our investigation extends
beyond national borders, we provide a global context, shedding light on where
these departing students are heading and international comparisons of remu-

neration for academic researchers.

Results

Survey Demographics

Our survey received a total of 582 responses, comprised of 411 students currently
enrolled in a graduate program at a Canadian university, and 171 respondents
who recently (within the past 10 years) completed a graduate program at a
Canadian university. Of the current students, 293 are enrolled in a PhD program
and 116 in a Masters program and 26% are international students. Of the
recent graduates, the majority (60%) graduated between the years of 2020-2023.
Entering the workforce was the most common position currently held by recent
graduates (42%), followed by postdoctoral scholar (35%) and faculty/teaching
positions (17%). For both recent graduates and current students, life sciences
was the most common field of study (39%) followed by medical sciences (24%),
physical sciences (23%), social sciences (8%), computer sciences (3%) and arts
and humanities (3%).

Intent to Leave

A substantial portion of respondents either have left or are considering leaving
Canada (Figure AW.21). Of students currently enrolled in a graduate program,
64% indicated they were likely or very likely to leave Canada following comple-
tion of their degree. 36% of recent graduates have left Canada following their
degree, 15% intend to leave Canada, and 49% do not intend to leave Canada.
The proportion of those reporting a desire to leave or who have already left are
likely to be somewhat elevated due to a response bias to this survey, however
they do indicate that large numbers of graduate students and those who have

completed graduate studies are seriously considering moving away from Canada.
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Figure AW.21: Likelihood of graduate students to leave Canada. A) The pro-
portion of current graduate students reporting their likelihood of leaving Canada
following completion of their degree. B) The proportion of recent graduates by
whether they have left or intend to leave Canada.

Factors for Leaving

What drives so many graduate students to look beyond Canada for their futures?
A key part of this survey was to determine which factors graduate students were
most concerned about and had the biggest effect on their career choices. Survey
respondents were asked to score from 1-5 (1 being the least important, 5 being
the most important) the extent to which various factors influenced their decision
to leave or stay in Canada (Figure AW.22).

Between those likely to leave and those unlikely to leave, the former scored
“Available Opportunities/Jobs”, “Finances/Salary”, and “Infrastructure/Facilities”
the highest. Conversely, those unlikely to leave Canada rated all other factors
more highly, with the largest differences in scoring being “Family/Friends”,
“Significant Other”, and “Healthcare”. The factor “Available Opportunities/Jobs”
was scored highest on average, while “Prestige” was the lowest average score
overall.

This suggests that those graduate students who leave are incentivised to-
wards financial stability and academic institutional reputation more than any
other listed factor. By contrast, those who stay are driven mainly by their social
connections with partners, families, and friends.

Those patterns remain when considering those who have recently completed
graduate studies. Those who have left Canada or plan to do so both scored
“Available Opportunities/Jobs” and “Finances/Salary” higher on average than
other factors, whereas the highest-scored factors on average were “Significant
Other”, “Healthcare”, and Family/Friends” for those planning to stay in Canada
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Figure AW.22: Importance of various factors in graduate student decisions to
leave or stay in Canada. A) Average importance and B) the difference in average
importance between those two groups. Factors were scored on a scale of 1-5,
where a score of 1 was unimportant and 5 was very important. Responses of
“likely” and “very likely” were grouped together, as were “unlikely” and “very
unlikely”. For each factor except “Workplace Culture”, the difference in average
score between “leaving” and “staying” groups was significant.
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Left Planning to Leave Planning to Remain
Available Available
Opportunities/Jobs Opportunities/Jobs Significant Other (4.5)
(4.6) (4.7
Finances/Salary (4.3) Finances/Salary (4.6) Healthcare (4.1)
Infrastruc(t;g; /Facilities Mental(ZVZ;I Being Family/Friends (4.1)

Table AW.1: he three highest-scored factors (on average) by recent graduates
current status in Canada.

Agender/Gender-
Woman Man Fluid /Non-Binary
Available Available
Opportunities/Jobs Opportunities/Jobs Healthcare (4.1)
(4.3) (4.5)
Healthcare (4.2) Finances/Salary (4.4) Mental (Zvle;1 Being
Mental Well Being Workplace Culture Available
(4.2) (3.8) Opportunities (4.0)

Table AW.2: The three highest-scored factors (on average) by graduate students’
self-declared gender, categorised as “Woman”, “Man”, “Agender”, “Gender-
Fluid”, and/or “Non-Binary”.

(Table AW.1).

Interestingly, the gender of the survey respondents appeared to also have
an influence on which three factors scored highest (Table AW.2). Respondents
from all categories valued “Available Opportunities/Jobs” highly, but respon-
dents self- identifying as women or agender /non-binary/gender-fluid both valued
“Healthcare” and “Mental Well-Being” higher than other factors. Men scored
“Finances/Salary” on average higher than any other gender, which suggests that
they are more willing or able to move abroad for the sake of financial stability

and career opportunities.

Impact of Finances

Future financial stability was the most important decision factor incentivising
students to consider leaving Canada following completion of their degree, as
described in the previous section. To further understand the extent to which a
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Figure AW.23: Impact of stipend values, scholarship values, and financial situ-
ation on likelihood to leave Canada. A) The likelihood of current students to
consider leaving Canada by whether they hold a federal scholarship. B) The
proportion of current students considering themselves Likely or Very Likely to
leave Canada after completing their studies by their reported financial struggle.

student’s current financial status plays a role in their decision to move outside
Canada, we investigated the impact of self-reported salaries, stipends and schol-

arship status on the likelihood of leaving Canada following degree completion

Self-reported stipend values and scholarship status appeared to have no im-
pact on the extent to which current students are considering leaving Canada
post-graduation. Despite scholarship status not being associated with likeli-
hood to leave (Figure ??), student’s level of reported financial struggle do have
a significant correlation (Figure AW.23b; p = 0.03). Students who reported
that they were struggling financially tended to be more likely to consider leav-
ing Canada (80%) than those who reported being comfortable financially (53%).

Given the low value of stipends for Canadian graduate students [143] as
well as low federal scholarship amounts at the time this survey was conducted
($17,500 for Master’s students, $21,000 — $35,000 for PhD students) it’s possible
that lack of impact of stipend or scholarship status on likelihood to leave reflects
an insufficiency of federal scholarships and current stipend values to prevent
students from struggling financially and looking for international opportunities

to find a better financial future.
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Figure AW.24: The difference in the average importance of factors on their de-
cision to remain or leave Canada between Domestic and International students.

International Students

A greater proportion of international student respondents reported that they
were considering moving to another country (65%) than remaining in Canada
(53%) or returning to their home country (34%). In addition, upon comparison
to domestic students, current international students are more likely to consider
leaving Canada compared to domestic students (71% to 62%, respectively).

For international graduate students the most important factors in their de-
cision to remain in or leave Canada were broadly similar to domestic students.
However international students reported “Proximity to Family and Friends”
as less important as compared with domestic students and placed a relatively
higher value on “Prestige”. This can likely be explained due to international
students moving away from family and friends to pursue their education, this
was a choice made before enrolling and may then have less of an impact on
whether they leave Canada after graduating (Figure AW.24).

International students are a vital part of the future economy, they bring
aspirations and knowledge to sectors of the economy that are often overlooked.

They choose Canada to start their academic career, opening up opportunities
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for them that they might not have access to from their home country. However,
based on our data, international students are more likely to leave Canada than
domestic students. So where do international graduate students go to pursue
their career?

It appears that international graduate students are using Canada as a step-
ping stone for better opportunities elsewhere. Just like domestic students, inter-
national graduates are looking for better financial opportunities. Since Canada
is lacking the necessary investment into research and development, both domes-
tic and international students are looking for better financial well-being in their
future career, but international students do not have the strong ties of friends

and family to retain them in Canada.

Conclusions

The study’s findings illuminate the key factors behind the international mobility
of holders of Canadian graduate degrees, with the appeal of better financial sup-
port and job opportunities being the most prominent factors for why graduates
are considering leaving Canada.

On the global stage, graduate students are considering immigrating to coun-
tries such as the United States, EU nations (such as Germany and Denmark),
and the UK due to their consistent investment in research and development,
better support for emerging researchers and a more diverse research intensive
private sector.

For instance, Canadian graduates have historically favoured employment in
the United States, where a typical PhD salary can range from Can$52,800 to
Can$65,500, compared to Can$21,000 in Canada. Similarly, postdoc salaries in
the US can range from Can$70,000 to Can$85,000, surpassing the Can$45,000
typically offered in Canada (before announcements in the federal budget 2024).
This trend underscores the importance of addressing this financial discrepancy
and improving Canada’s appeal as a compelling destination through increased
research investment and competitive financial incentives, ultimately retaining
top-tier talent and mitigating brain drain.

However, our survey found that many respondents were at least open to
the idea of returning to Canada, with the vast majority of current students
considering themselves likely or very likely to return to Canada if they did
leave and just over half of recent graduates who had left or were planning to
leave reporting the same. This suggests that targeted programs to increase the

opportunities in research in Canada could be effective (similar to the Canada
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Research Chairs in the 1990s and early 2000s).

Those who have completed Canadian graduate programs are globally some
of the best highly qualified personnel and could provide many of the skills that
Canadian research, innovation and industry require. However, our survey sug-
gests that Canada’s lack of investment in R&D may be causing many of these
people to look elsewhere for opportunities - which if unaddressed could lead to
a large brain drain and harm to the Canadian economy and society.

In the realm of research and development, the departure of graduates poses
a threat to the country’s capabilities and global competitiveness. The solution
lies in conducive policy changes that cultivate an environment where talented
graduates find encouragement to anchor themselves within the Canadian land-
scape. A multifaceted approach, involving increased funding for research and
development, fostering collaboration between diverse sectors, and promoting a
seamless transition from academia to the workforce, is critical to stemming this
brain drain.
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